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Introduction:  Effective action



T-duality



Compactifying 26-dimensional space on a circle with radius R and choosing the 
background to be:

T-duality in Target Space

*Buscher rules (in target space):



Circular Reduction



* In a minimal basis with independent terms (those that are not related to each other by 
a field redefinition or a total derivative):

Minimal Basis

All contraction of indices
of all field contents

Field Redefinitions
(using E.O.M)

+ + = 𝟎T.D. Terms



Effective Action: Order 𝜶′ 𝟎

* For bosonic theory 𝑎1 = 1/4 and for heterotic theory 𝑎1 = 1/8



Higher-order actions are not invariant under Butcher rules, and the following corrections 
must be added to them:

𝜓′

The appearance of corrections in the action. Example:

𝑆 0,1 (𝜓0
′ )

Effective Action: Higher order corrections of T-duality



Effective Action: Higher order corrections of T-duality

Therefore, the general form of the effective action at each order 𝑛 of 𝛼′ can be obtained 
by solving the following relation:

Effective Action: Order 𝜶′

Metsaev-Tseytlin Scheme



…𝑏1 𝑏20

Meissner Scheme

Effective Action: Order 𝜶′

After solving the T-duality constraint for this action, 11 free parameters (up to an overall 
factor) will remain. With a specific choice of these coefficients, we have:

Starting with the maximal base (terms related only by T.D. terms):



𝑐1
2

Effective Action: Order 𝜶′ 𝟐

* The fixed action has 27 terms for both M-T and M schemes.



Effective Action: Order 𝜶′ 𝟐

* The basis that led to these 27 terms is not unique.

* One can choose 60 terms on another basis in such a way that, after fixing the
coefficients, fewer terms remain:

* Specific choice for coefficients, reduces the number of independent terms from 27 to: 

17 for Metsaev-Tseytlin Scheme,  and   12 for Meissner Scheme

* Trivial solution: all free coefficients are set to zero.

178 terms F.D. T.D. Bianchi 27 terms+ + + =



Meissner Scheme

Metsaev-Tseytlin Scheme



Effective Action: Order 𝜶′ 𝟑

* The parameter 𝒂 remains as the sole unfixed parameter among the 872 parameters.

* After solving the T-duality constraint, one gets:



Effective Action: Order 𝜶′ 𝟑

* The effective action at the 8th derivative order has the general form of:

* Some of the terms contribute to the lower orders, while others specifically correspond 
to the 𝒩 = 𝟐 superstring theory.

Superstring theory: Lacks effective actions at orders 𝛼′ and 𝛼′2 , only terms with

coefficient 𝒂 survive. Comparison with the 4-point S-matrix element fixes this
parameter to be proportional to 𝜁(3).

Bosonic string theory: One cannot simply assume that 𝒂 must similarly be proportional

to 𝜁(3). Instead, the parameter 𝒂 must be determined by explicitly comparing the
gravitational couplings with the 4-point S-matrix element in the bosonic string theory.

How to fix the parameter 𝒂 ?



Kawai-Lewellen-Tye (KLT) Method: the sphere-level closed string S-matrix element can 
be expressed in terms of disk-level S-matrix elements of open strings:

S-Matrix Constraint

* The amplitude for four gauge boson vertex operators is (Veneziano amplitude):

* These kinematic factors are stu-symmetric.



S-Matrix Constraint

𝐴closed = 𝐴open × ҧ𝐴open

The Gamma functions have massless poles and an infinite tower of massive poles:

For simplicity, we restrict our attention to single-trace terms of the form 𝐓𝐫(𝛜𝛜𝛜𝛜)

higher-order terms in α′



S-Matrix Constraint

with 𝜖𝑖 = 𝜁𝑖ഥ𝜁𝑖 and the functions 𝑓 𝑠, 𝑡, 𝑢 given by

From KLT, finally one gets:

Now we compute the four-graviton S-matrix element in low-energy field theory up to 

order 𝛼′3 (in the Meissner scheme). The metric perturbation is given by:

The four-graviton Feynman amplitude consists of both contact terms and massless pole 
contributions, where the latter involve graviton and dilaton propagation between vertices. 



S-Matrix Constraint

Using the gravity couplings at order 𝛼′3, we get the following contact term:

All vertices and propagators must be computed in the Einstein frame, where the
Einstein-Hilbert term has no overall dilaton factor. Notably, for the single-trace terms,
only the graviton propagates between vertices:



S-Matrix Constraint

▪ The combination 𝑨contact + 𝑨Pole must reproduce the KLT string amplitude. 
▪ This condition fixes the parameter a to the value:



Meissner Scheme

Metsaev-Tseytlin Scheme

Final Result



Thank You
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