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Abstract

The circle compactification of M-theory is dual to type IIA string theory, requiring that
the dimensional reduction of the M-theory couplings (t8t8− 1

4ϵ8ϵ8)R
4 must reproduce the

type IIA one-loop effective action at order α′3, including contributions from the metric,
dilaton, and RR one-form. Through compactification, we obtain 1,276 couplings involving
Riemann, Ricci, and Ricci scalar tensors, along with first and second derivatives of the
dilaton and RR one-form. By employing field redefinitions, we reduce these to a basis
of 359 independent couplings. Crucially, we observe that the dilaton cannot be entirely
removed from the couplings via field redefinitions, even in the pure metric-dilaton sector.
We validate our results by showing exact agreement between all four-field couplings and
the corresponding string-theory S-matrix elements in the string frame.

Further, upon compactifying on K3, we demonstrate that the resulting six-dimensional
α′ couplings at one-loop level transform under S-duality into the tree-level α′ couplings of
heterotic string theory on T 4. This match necessitates carefully chosen field redefinitions
for both the type IIA (on K3) and heterotic (on T 4) sectors, providing a stringent test of
the duality.
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1 Introduction

It is well known that all ten-dimensional superstring theories are related to M-theory, the unique
quantum theory of gravity in eleven dimensions [1]. In particular, M-theory compactified on a
circle is equivalent to type IIA string theory. This correspondence is reflected in their low-energy
effective actions: the dimensional reduction of eleven-dimensional supergravity on a circle yields
type IIA supergravity [2]. The first corrections to eleven-dimensional supergravity arise at the
eight-derivative order. Upon circular reduction, the full eight-derivative couplings in M-theory
should reproduce all one-loop corrections in type IIA theory. While the pure gravity sector of
these corrections is known to take the form (t8t8 − 1

4!
ϵ11ϵ11)R

4 [3, 4, 5], the couplings involving
the 3-form field have only been determined at the four-field level—either through superparticle
scattering methods [6] or supersymmetry constraints [7, 8, 9, 10]. Partial results are known
beyond the four-field level [11, 12, 13]. Additionally, supersymmetry requires the inclusion of
the Chern-Simons coupling t8ϵ11AR

4 in M-theory [5, 14]. In this paper, we focus on deriving the
one-loop couplings in type IIA theory that correspond to the pure gravity sector of M-theory.

The circular reduction of the eleven-dimensional metric yields the metric, dilaton, and
RR one-form in type IIA theory. Consequently, reducing the eleven-dimensional pure gravity
couplings at the eight-derivative order should generate all one-loop couplings in type IIA theory
involving the metric, dilaton, and RR one-form—also at the eight-derivative order in the string
frame. These couplings span multiple field interactions, ranging from four-field up to eight-
field terms. Recently, some four-field couplings involving the RR one-form were derived in
[15, 16], where their consistency with the corresponding type IIA S-matrix elements [17] was
also examined.

The circular reduction generates 1,276 couplings in type IIA theory. However, these are not
all independent, as many are related through field redefinitions [18], total derivative terms, and
Bianchi identities. To streamline the analysis, we express them in terms of a minimal basis
of metric-dilaton-RR couplings. We find that this minimal basis consists of 377 independent
couplings, which we present in a specific scheme. When reconstructing the original 1,276
couplings from this basis, we identify 359 non-zero couplings. Notably, many of these involve the
dilaton—even in the gravity-dilaton sector. We attempted to reformulate these 359 couplings in
alternative schemes where the dilaton dependence might vanish, analogous to the tree-level NS-
NS couplings [19]. However, no such scheme exists: the dilaton persists in all cases, including
the gravity-dilaton sector.

It is well known that, up to an overall factor, the sphere-level S-matrix element for four
massless fields in type II superstring theory matches the torus-level S-matrix element. Both
consist solely of contact terms, which correspond to field-theory couplings in momentum space.
The sphere-level coupling for four NS-NS fields, derived in [20, 21], takes the form t8t8R̄

2, where
R̄ is the linearized generalized Riemann curvature. While this coupling contains a dilaton
dependence in the Einstein frame, the dilaton vanishes in the string-frame expression of R̄ [22].
This aligns with the observation that there exists a scheme where all tree-level NS-NS couplings
at the eight-derivative order in the string frame are dilaton-free [19], except for the overall factor
e−2Φ. Consequently, we expect the one-loop four-field couplings in the string frame to also lack

1



dilaton terms when the RR one-form is zero. In this paper, we demonstrate that although the
metric-dilaton couplings we derive are non-zero, their 4-point S-matrix elements vanish.

Several four-field couplings at the eight-derivative order involving RR fields in both type IIA
and IIB theories were previously established in [23, 24, 25] by requiring consistency of the t8t8R̄

4

coupling with S- and T-duality transformations. Notably, [25] demonstrated the existence of
multiple non-zero dilaton-RR couplings in the string frame. When the overall normalization
factor is properly fixed, these couplings should naturally appear in the one-loop effective action.
Our present work confirms this expectation: the one-loop couplings we have derived precisely
reproduce these previously identified dilaton-RR couplings.

It is well established that compactifying type IIA string theory on a K3 surface is equiv-
alent to compactifying heterotic string theory on a four-torus T 4 [26, 2]. This equivalence
manifests in their low-energy effective actions, where six-dimensional type IIA supergravity
becomes identical to six-dimensional heterotic supergravity [27]. The field transformations re-
lating these theories invert the sign of the dilaton, implementing an S-duality transformation
that forms a Z2 symmetry group. Since the coupling constant inverts under S-duality, we can
only directly compare effective action terms at derivative orders that receive no higher-loop cor-
rections [28]. The leading-order two-derivative terms, being tree-level exact, transform cleanly
under S-duality: the supergravity description at weak coupling in one theory maps to the
strong-coupling regime of the other. The eight-derivative couplings in M-theory are quantum-
exact, which implies their type IIA counterparts - including both the one-loop eight-derivative
terms and their K3-reduced four-derivative versions in six dimensions - must similarly be exact.
Conversely, the heterotic theory contains four-derivative dilaton-gravity couplings of the form
e−2ΦRµναβR

µναβ [18], along with their T 4 compactification counterparts. In [29, 30], it was
shown that these couplings do not receive loop corrections and are therefore exact. These exact
terms in both theories should map to each other under S-duality [8]. We demonstrate that
with appropriate field redefinitions in both six-dimensional theories, these couplings do indeed
transform into one another.

This paper is organized as follows: Section 2 reviews the circular reduction of the bosonic
sector of 11-dimensional supergravity to obtain type IIA supergravity. Section 3 examines the
reduction of M-theory’s eight-derivative gravity couplings, beginning with a field redefinition
of the (t8t8 − 1

4!
ϵ11ϵ11)R

4 coupling into six Riemann curvature contractions, whose circular re-
duction yields 1,276 couplings involving Riemann, Ricci, and scalar curvatures along with first
and second derivatives of the dilaton and RR one-form. Subsection 3.1 organizes these into a
minimal basis of 377 eight-derivative gravity-dilaton-RR couplings, of which 359 are non-zero,
while Subsection 3.2 demonstrates exact agreement between our four-field couplings and known
string-frame results [24, 25]. Section 4 explores K3 compactification and S-duality: Subsection
4.1 analyzes the reduction of type IIA supergravity (focusing on the gravity-dilaton-RR sec-
tor) and its S-dual correspondence with heterotic theory on T 4. Subsection 4.2 demonstrates
how eight-derivative terms in IIA reduce to four-derivative couplings that transform under S-
duality into heterotic tree-level terms. A key distinction arises between derivative orders: while
two-derivative S-duality holds without field redefinitions, the four-derivative (loop-level) case
necessitates field redefinitions in both the six-dimensional theory. Section 5 summarizes our
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results, and the Appendix derives a minimal basis for eight-derivative couplings in a specific
scheme.

2 Two-derivative order reduction

In this section, we establish our conventions by reviewing the derivation of the bosonic cou-
plings in 10-dimensional type IIA supergravity via the circular reduction of 11-dimensional
supergravity [2]. The bosonic sector of the 11-dimensional theory consists of the following
couplings:

S0 = − 2

κ2
11

[ ∫
d11x

√
−g(R− 1

2.4!
FabcdF

abcd)− 1

6

∫
A(3) ∧ F (4) ∧ F (4)

]
, (1)

where κ2
11 =

1
π
(2πℓp)

9. The dimensional reduction of the 11-dimensional supergravity couplings

on a circle of radius R11 = g
2/3
s ℓp proceeds via the standard Kaluza-Klein (KK) ansatz for the

metric:

gab = e−2Φ/3

(
Gµν + e2ΦCµCν e2ΦCµ

e2ΦCν e2Φ

)
; gab = e2Φ/3

(
Gµν −Cµ

−Cν e−2Φ + CαC
α

)
. (2)

Here, Gµν denotes the inverse of the 10-dimensional metric, which raises the index of the
Ramond-Ramond (RR) vector field Cµ. The three-form field reduces as follows:

Aµνα = Cµνα ; Aµνy = Bµν . (3)

Here, C(3) denotes the RR three-form potential and B represents the NS-NS two-form field of
type IIA superstring theory. Using these reduction rules, one can derive the 10-dimensional
counterparts of various 11-dimensional couplings. For instance, the dimensional reduction of
the overall factor

√
−g and the scalar curvature in S0 yields:

√
−g = e−8Φ/3

√
−G ,

R = e2Φ/3(R− 16

3
∇µΦ∇µΦ +

14

3
∇µ∇µΦ− 1

2.2!
e2ΦFµνF

µν) , (4)

where Fµν = ∂µCν − ∂νCµ is the field strength of the RR one-form potential. Up to a total
derivative term, this yields the standard dimensional reduction, i.e.,

√
−gR = e−2Φ

√
−G(R + 4∇µΦ∇µΦ− 1

2.2!
e2ΦFµνF

µν) . (5)

The dimensional reduction of the terms in the action S0 involving the three-form field strength
proceeds as follows:

− 1

2.4!

√
−gFabcdF

abcd = e−2Φ
√
−G(− 1

2.3!
HµναH

µνα − 1

2.4!
e2ΦF̄µναβF̄

µναβ) ,

−1

6
A(3) ∧ F (4) ∧ F (4) = −1

2
e−2Φ

[
B(2) ∧ eΦF (4) ∧ eΦF (4)

]
. (6)
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Here, the RR four-form field strength F̄ (4) is given by F̄µναβ = Fµναβ + H[µναCβ], where anti-
symmetrization is implicit in the indices. Note that a factor of eΦ can be absorbed into the RR
fields, leaving the overall dilaton prefactor e−2Φ. This confirms that the reduction of S0 yields
the sphere-level effective action of type IIA superstring theory.

Using the standard relations between the compactification radius, string coupling, and string
length — R11 = gs

√
α′ and ℓp = g

1/3
s

√
α′ — the dimensional reduction of 11-dimensional

supergravity (1) yields the conventional type IIA supergravity action, which takes the form [2]:

S0 = − 2

κ2
10

[ ∫
d10x

√
−G

(
e−2Φ(R + 4∇µΦ∇µΦ− 1

2
|H|2)− 1

2
|F (2)|2 − 1

2
|F̄ (4)|2

)
−1

2

∫
B(2) ∧ F (4) ∧ F (4)

]
. (7)

Here, the 10-dimensional gravitational coupling is given by κ2
10 = κ2g2s = 1

π
(2πℓs)

8g2s , where

ℓs =
√
α′ defines the string length. Note that the dilaton Φ is expressed as a fluctuation,

excluding its constant background value. The sphere-level effective action of type IIA super-
gravity receives stringy corrections at O(α′3) and higher, originating from non-zero KK modes
in the compactification of 11-dimensional supergravity [31]. Furthermore, the dimensional re-
duction of higher-derivative corrections in 11-dimensional supergravity (1) generates loop-level
higher-derivative couplings in type IIA theory, which are the primary focus of this work.

3 Eight-derivative order reduction

The first non-trivial higher-derivative correction to 11-dimensional supergravity appears at
eight-derivative order (corresponding to O(ℓ6p)). While the complete structure of bosonic cou-
plings at this order remains unknown, the purely gravitational sector has been determined and
takes the form (see e.g., [32]):

S6 = − 2

κ2
11

π2ℓ6p
211.32

∫
d11x

√
−g

[
(t8t8 −

1

4!
ϵ11ϵ11)R

4 + · · ·
]
, (8)

where the ellipsis denotes additional couplings involving the 3-form field Aabc, which are not of
interest here. The tensor t8 is defined as [20]:

tabcdefgh8 = −2gafgbeggdgch + 8gadgbeggfgch + 8gahgbeggdgcf

+8gahgbcggfgde − 2gahgbggcfgde − 2gadgbcggfgeh , (9)

and ϵ11 denotes the Levi-Civita tensor in eleven dimensions. Using these tensors, the action can
be expressed through 27 distinct couplings involving combinations of the Riemann tensor, Ricci
tensor, and Ricci scalar. However, through appropriate field redefinitions, all terms involving
the Ricci tensor or Ricci scalar can be eliminated, leaving only eight terms constructed purely
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from the Riemann curvature. After this simplification, one obtains:

S6 = − 2

κ2
11

π2ℓ6p
23.3

∫
d11x

√
−g

[1
4
Rab

deRabcfRcd
ghRfegh −Rab

deRabcfRc
g
d
hRfgeh

+
1

16
Rab

deRabcfRcf
ghRdegh +

1

2
Ra

d
c
eRabcfRb

g
f
hRdgeh

−Rabc
dRabcfRf

eghRdgeh +
1

32
RabcfR

abcfRdeghR
degh

]
, (10)

where we have employed the cyclic symmetry of the Riemann tensor to express the original
eight curvature terms in terms of six independent structures.

Applying the dimensional reduction scheme outlined in (2), we obtain the following couplings
in the string frame of type IIA theory:

S6 = − 2

κ2

π2ℓ6s
23.3

∫
d10x

√
−G

[1
4
Rαβ

ϵεRαβγδRγϵ
µνRδεµν −Rαβ

ϵεRαβγδRγ
µ
ϵ
νRδµεν (11)

+
1

16
Rαβ

ϵεRαβγδRγδ
µνRϵεµν +

1

2
Rα

ϵ
γ
εRαβγδRβ

µ
δ
νRϵµεν

−Rαβγ
ϵRαβγδRδ

εµνRϵµεν +
1

32
RαβγδR

αβγδRϵεµνR
ϵεµν + · · ·

]
.

The absence of an overall dilaton factor indicates that the reduced action S6 corresponds to
the torus-level effective action of type IIA theory. The ellipsis in the equation represents 1270
couplings involving Riemann, Ricci, and Ricci scalar curvatures along with first and second
derivatives of the dilaton and RR one-form. Unlike the 11-dimensional case, 10-dimensional
field redefinitions eliminating Ricci terms, ∇µF

µν , and ∇µ∇µΦ are insufficient to minimize the
couplings - even after removing these structures, 877 couplings remain, with additional field
redefinitions possible. As shown in the Appendix, the minimal basis for eight-derivative dilaton-
gravity-RR one-form couplings contains only 377 independent terms, implying the complete
expression must be expressible in terms of at least this fundamental set, which we will construct
in the following subsection.

3.1 Eight-derivative couplings in a 10D minimal basis

The couplings in (11) represent one-loop effective interactions in a specific scheme. While
these can be transformed into alternative schemes through field redefinitions and integration
by parts, constructing a representation with the minimal number of couplings presents a non-
trivial challenge. Although we cannot determine the absolute minimum number of independent
couplings, in this section we express them using a minimal basis of 377 eight-derivative dilaton-
gravity-RR one-form interactions. As detailed in Appendix, this minimal basis admits multiple
equivalent representations. Here we demonstrate that the couplings (11) can be expanded in
this basis with 359 non-zero coefficients and 18 vanishing coefficients. The specific values of
these coefficients depend on the chosen scheme for the minimal basis. A particularly interesting
(but computationally intensive) problem would be to identify a scheme that maximizes the
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number of zero coefficients when matching the 10-dimensional couplings (11). In this work, we
determine the coefficients using the specific scheme selected in Appendix (see (47)), obtained
by equating (11) with our minimal basis while accounting for field redefinitions, integration by
parts and Bianchi identities. That is

S6 ∼ − 2

κ2

π2ℓ6s
23.3

∫
d10x

√
−GL . (12)

Here, S6 represents the dimensionally reduced action from (11), while L denotes the specific
minimal basis of 377 couplings identified in Appendix (see (47)). The ∼ relation signifies
equality modulo:

• Field redefinitions

• Total derivative terms

• Bianchi identities

The computational procedure mirrors our Appendix calculation for determining the minimal
basis. From this matching, we uniquely fix all 377 coupling constants in (47) to the following
values:

c1 = 2341/4608, c2 = −209747/921600, c3 = −1027/7200, c4 = −880957/1843200,

c5 = 4625129/29491200, c6 = −66793/28800, c7 = −817/960, c8 = 385121/230400,

c9 = −3433/46080, c10 = 194693/368640, c11 = 24653/19200, c12 = −979/1600,

c13 = 4307/3840, c14 = 2979/1600, c15 = −43241/9600, c16 = 3351/3200, c17 = −1151/800,

c18 = −30283/4800, c19 = 4, c20 = −7167/3200, c21 = −7/2, c22 = −3/2, c23 = 1/2,

c24 = 89527/115200, c25 = 9721/115200, c26 = 1, c27 = 1027/640, c28 = −3849/3200,

c29 = −5873/3840, c30 = −75041/38400, c31 = 17/128, c32 = 16717/20480, c33 = 3,

c34 = 1/2, c35 = 7167/6400, c36 = −13/2, c37 = −3/4, c38 = −3/8, c39 = 0, c40 = −1,

c41 = −1, c42 = 1/32, c43 = 1119/6400, c44 = 1693/3840, c45 = −4451/12800,

c46 = −647/3200, c47 = −4193/7680, c48 = −3/2, c49 = 11/4, c50 = 11/2, c51 = −7/8,

c52 = 3/2, c53 = −5/4, c54 = 1/16, c55 = 1/4, c56 = 0, c57 = 3391/11520,

c58 = −173339/115200, c59 = 3449/800, c60 = −5/2, c61 = 73027/115200,

c62 = 43031/57600, c63 = −267211/115200, c64 = −29399/230400, c65 = 246391/921600,

c66 = −6197/3200, c67 = 1559/9600, c68 = 2159/9600, c69 = −8857/12800, c70 = 3/4,

c71 = −1/4, c72 = 5/4, c73 = 14741/800, c74 = 19219/1600, c75 = 41/4, c76 = −6767/600,

c77 = 6767/1200, c78 = −5497/400, c79 = −1217/400, c80 = 14781/3200, c81 = −57/16,

c82 = −45/8, c83 = −186973/28800, c84 = 144301/115200, c85 = 58361/7680,

c86 = −1711343/921600, c87 = −16457/1600, c88 = 23339/1600, c89 = −2259/1600,

c90 = 12251/800, c91 = 181/128, c92 = −5167/400, c93 = 5, c94 = 3567/400, c95 = 3, c96 = 2,
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c97 = 6367/200, c98 = 14377/1600, c99 = −681/128, c100 = −1, c101 = 1, c102 = −145/64,

c103 = −5471/640, c104 = −973/1600, c105 = −5667/400, c106 = 3/2, c107 = 6367/400,

c108 = −6167/3200, c109 = 4367/400, c110 = −3/4, c111 = 1, c112 = −6367/200,

c113 = 141/100, c114 = −2761/800, c115 = −131/10, c116 = 9/2, c117 = 8/5,

c118 = −125353/230400, c119 = 293867/1843200, c120 = −22253/19200, c121 = 5/16,

c122 = 37/1152, c123 = 21661/57600, c124 = −5213/9600, c125 = −3827/1920, c126 = 1,

c127 = 1129/800, c128 = −10889/14400, c129 = −849/3200, c130 = 1049/400,

c131 = −2879/800, c132 = 2929/800, c133 = −7/2, c134 = −11/16, c135 = −3587/1920,

c136 = 89/40, c137 = 2, c138 = 2081/800, c139 = −13/8, c140 = −1/5, c141 = −357/200,

c142 = 0, c143 = −1/4, c144 = −5/16, c145 = −3/4, c146 = −1/2, c147 = −5, c148 = 0,

c149 = 3, c150 = 1, c151 = 0, c152 = 3/2, c153 = 3/4, c154 = 0, c155 = 1/4, c156 = 0, c157 = 0,

c158 = −14331/6400, c159 = −26579/800, c160 = 5647/160, c161 = −1501/60,

c162 = 7041/100, c163 = −563/60, c164 = −2927/200, c165 = 125/4, c166 = 2127/200,

c167 = −61/2, c168 = 85/2, c169 = 6927/100, c170 = 2271/80, c171 = −1543/80, c172 = 0,

c173 = −77/4, c174 = −1531/80, c175 = −1255/64, c176 = 319/15, c177 = −3727/200,

c178 = −49/8, c179 = 6927/200, c180 = −4527/1600, c181 = 2427/200, c182 = 61/8, c183 = 2,

c184 = −6927/100, c185 = −552/5, c186 = 0, c187 = 65, c188 = 4/5, c189 = −727/16,

c190 = −52291/3200, c191 = 467/20, c192 = −3/10, c193 = −1/5, c194 = 342/5,

c195 = −1/16, c196 = 3/8, c197 = 4, c198 = −1/4, c199 = −39/5, c200 = 553/200,

c201 = −13/5, c202 = 0, c203 = −27/16, c204 = −31/4, c205 = −5/2, c206 = −1779/25,

c207 = −26781/800, c208 = 161/4, c209 = 173/8, c210 = −4559/100, c211 = −147/2,

c212 = 129/2, c213 = −29, c214 = −2599/50, c215 = 353/40, c216 = −23/2,

c217 = −811/50, c218 = 294/5, c219 = −979/50, c220 = −17383/200, c221 = −107,

c222 = 157/2, c223 = 8/5, c224 = 53/10, c225 = −392/5, c226 = −499/100, c227 = 499/100,

c228 = 557/100, c229 = −657/400, c230 = 1573/800, c231 = 5/2, c232 = −5/2,

c233 = −121/5, c234 = −8/5, c235 = 8/5, c236 = −1/2, c237 = 13/4, c238 = 4/5, c239 = 133/5,

c240 = −197/80, c241 = 2953/400, c242 = −512/5, c243 = 106, c244 = 168/5, c245 = −38,

c246 = 19, c247 = 84/5, c248 = −342/5, c249 = −128/5, c250 = 5/4, c251 = 63/20, c252 = 15/4,

c253 = 5/4, c254 = 0, c255 = −5/2, c256 = 71/40, c257 = −261/200, c258 = 252/5,

c259 = −41/100, c260 = 39/160, c261 = −8/5, c262 = −32/5, c263 = 4/5, c264 = 16,

c265 = 1071/200, c266 = −10, c267 = 807/20, c268 = 617/10, c269 = −103/5, c270 = −7,

c271 = 13, c272 = −316/5, c273 = −264/5, c274 = 15029/14400, c275 = −6749/14400,

c276 = 3389/9600, c277 = −1177/2304, c278 = 967/3840, c279 = −1667/960, c280 = 2387/960,

c281 = −389/320, c282 = 1/4, c283 = −3/2, c284 = −3827/960, c285 = 5/2, c286 = 17/32,

c287 = 3587/1920, c288 = −5/4, c289 = 1/4, c290 = −119/40, c291 = 3, c292 = 0,
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c293 = −11/10, c294 = −57/20, c295 = 5, c296 = −31, c297 = −9/10, c298 = 1/4, c299 = −4,

c300 = 1403/1600, c301 = 6449/28800, c302 = −5769/3200, c303 = 343/128, c304 = −1327/1920,

c305 = 1427/1920, c306 = 1427/1920, c307 = −11/16, c308 = 2987/960, c309 = −3827/960,

c310 = −3, c311 = 3347/1920, c312 = −5/2, c313 = −1/3, c314 = 2827/960, c315 = 3667/960,

c316 = 6, c317 = −8, c318 = −67/40, c319 = 2, c320 = −3, c321 = −5/4, c322 = −283/5,

c323 = −1/128, c324 = −41/40, c325 = −13/40, c326 = 235/4, c327 = 85, c328 = 112/5,

c329 = −2168/5, c330 = −3844/5, c331 = −502, c332 = −4, c333 = 4/15, c334 = 0, c335 = −32,

c336 = −333/400, c337 = 0, c338 = 84, c339 = −368/5, c340 = 102, c341 = −112/5, c342 = 0,

c343 = 6, c344 = 2, c345 = 11/20, c346 = −2, c347 = 2, c348 = 2, c349 = −10, c350 = 5, c351 = −1,

c352 = 4, c353 = −2, c354 = 0, c355 = −3/2, c356 = 7/4, c357 = 6, c358 = −7/2, c359 = −5/4,

c360 = −5/2, c361 = −5/2, c362 = 5/4, c363 = 7/2, c364 = −3/4, c365 = 7, c366 = −9/2,

c367 = 4, c368 = 2, c369 = −9/2, c370 = −1/2, c371 = 639/200, c372 = −4/5, c373 = −3,

c374 = 4, c375 = 1/16, c376 = 3/32, c377 = 0 (13)

The minimal basis consists of 359 non-zero coupling constants and 18 vanishing couplings.
Notably, the coefficient of coupling (46) (containing the Ricci tensor) vanishes. Additionally,
the structures [F 3F ′RΦ′]1, [FF ′RΦ′′Φ′]2, [FF ′Φ′′2Φ′]1 and [FF ′3Φ′]1 have zero coefficients.

The Lagrangian (47), with the coupling constants set to the values above, represents our
final result for the one-loop effective action of type IIA theory at the eight-derivative order in
the metric-dilaton-RR one-form sector. Moreover, additional derivative one-loop corrections
appear at higher orders in ℓs, stemming from non-zero KK modes in the compactification of
the 11-dimensional couplings (11). While these higher-order effects lie beyond the scope of our
current analysis, they warrant further investigation in future work.

Our findings uncover a rich structure of non-trivial dilaton couplings. A particularly note-
worthy example is the non-zero four-dilaton coupling in the string frame, which assumes the
explicit form:

[Φ′′4]2 = −8

5
∇α∇γΦ∇α∇βΦ∇β∇δΦ∇δ∇γΦ +

4

5
∇α∇βΦ∇β∇αΦ∇γ∇δΦ∇δ∇γΦ. (14)

Expanding the covariant derivatives generates four-field couplings along with five-field and
higher-order interactions. Our analysis reveals vanishing S-matrix elements for all four-field
couplings, including specific cases in the structures [R3Φ′′]1, [R2Φ′′2]5 and [RΦ′′3]3 which is
consistent with the observations in [6]. This null result is expected since one-loop four-field
amplitudes are proportional to their classical-level counterparts, and no dilaton couplings exist
at eight-derivative order in the string frame at classical level in the NS-NS sector in a spe-
cific scheme [19]. Notably, the non-zero four-dilaton and two-dilaton-two-graviton S-matrix
elements in the Einstein frame emerge from transforming the [R4]6 coupling to this frame,
demonstrating the frame-dependence of these interactions while maintaining consistency with
expected amplitudes.
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The classical couplings involving two gravitons and two RR one-form fields were previously
derived in [24] through the application of S- and T-duality transformations to the four general-
ized Riemann curvature couplings. At the one-loop level, the corresponding couplings maintain
proportionality to these classical terms, specifically taking the form:

ShhCC = − 2

κ2

π2ℓ6s
26.3

∫
d10x

√
−G

[1
4
RµνρσR

µνρσ∂γFαβ∂
γFαβ +

1

2
Rτκ

αβRτκµν∂γFαβ∂
γFµν

−Rµν
τ
γRτκαβ∂γFµν∂κFαβ + 2Rβµ

κρR
τκ

αβ∂
αF ργ∂µFτγ + 2RβµκρR

τκαβ∂αFτγ∂
µF ργ

−4Rα
νργRτκαβ∂βFκρ∂νFτγ + 2RαβκρRτ

καβ∂νFτγ∂
νFρ

γ +RαβργRτκ
αβ∂νFκρ∂

νFτγ

+2Rβ
µ
κρR

τκαβ∂ρFµ
ν∂τFαν +Rµν

κ
ρRτκαβ∂ρFαβ∂τFµν +Rαβκ

ρR
τ
καβ∂

ρF µν∂τFµν

+2RβµκρRτκ
α
β∂ρFαν∂

τFµ
ν
]
, (15)

where Rµναβ represents the linearized Riemann curvature and the graviton field is expressed as
Gµν = ηµν + hµν . We have fixed the overall coefficient of these couplings to ensure consistency
with the one-loop coupling [R2F ′2]13 derived in this work. Specifically, the one-loop coupling
we have found includes:

SR2F ′2 = − 2

κ2

π2ℓ6s
23.3

∫
d10x

√
−G[R2F ′2]13 , (16)

where the coupling [R2F ′2]13 is defined in equation (52), incorporating the solution from (13).
This yields:

[R2F ′2]13 = −5

2
e2ΦRγ

ϵεµRεµδϵ∇αFβ
δ∇αF βγ +

3

4
e2ΦRεµδϵR

εµ
βγ∇αF

δϵ∇αF βγ

−1

4
e2ΦRεµγϵR

εµ
βδ∇αF

δϵ∇αF βγ +
5

16
e2ΦRδϵεµRεµδϵ∇αF βγ∇βFαγ

+e2ΦRγ
ϵεµRεµδϵ∇αF βγ∇βFα

δ − 7

2
e2ΦRδ

ε
α
µRϵµγε∇αF βγ∇βF

δϵ

−3

2
e2ΦRα

ε
δ
µRϵµγε∇αF βγ∇δFβ

ϵ +
5

2
e2ΦRγ

ε
α
µRϵµδε∇αF βγ∇δFβ

ϵ

−5

4
e2ΦRεµγδR

εµ
αϵ∇αF βγ∇δFβ

ϵ − 3e2ΦRβ
µ
αγRϵµδε∇αF βγ∇δF ϵε

−5

2
e2ΦRα

µ
δϵRεµβγ∇αF βγ∇δF ϵε + 6e2ΦRβϵα

µRεµγδ∇αF βγ∇δF ϵε

−8e2ΦRβ
µ
αϵRεµγδ∇αF βγ∇δF ϵε . (17)

We find that the four-field truncation of these couplings reproduces precisely the same S-matrix
elements as those derived from (15).

For the sphere-level amplitudes, reference [25] established the string-frame couplings involv-
ing two RR one-forms, one graviton, and one dilaton. The corresponding one-loop corrections
take the form:

ShΦCC = − 2

κ2

π2ℓ6s
26.3

∫
d10x

√
−G

[
− 8Rβµκν∂

β∂αΦ∂γF
µν∂κFα

γ + 24Rβµγν∂
β∂αΦ∂κF

µν∂κFα
γ

−8Rακβν∂
β∂αΦ∂γFµ

ν∂µF γκ + 8Rβµγν∂
β∂αΦ∂κFα

γ∂νFκ
µ
]
, (18)
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where we have adopted the same normalization factor as in (15) for consistency. In contrast,
the one-loop couplings derived in our work exhibit the following coupling:

SRF ′2Φ′′ = − 2

κ2

π2ℓ6s
23.3

∫
d10x

√
−G[RF ′2Φ′′]8 , (19)

where the coupling [RF ′2Φ′′]8 is defined in equation (51), incorporating the solution from (13).
This results in:

[RF ′2Φ′′]8 = −10e2ΦRϵεαγ∇αF βγ∇βF
δϵ∇δ∇εΦ + 3e2ΦRδεγϵ∇α∇εΦ∇αF βγ∇δFβ

ϵ

+5e2ΦRϵεαδ∇αF βγ∇γ∇εΦ∇δFβ
ϵ + 2e2ΦRϵεγδ∇αF βγ∇β∇αΦ∇δF ϵε

+2e2ΦRδεβγ∇αF βγ∇δF ϵε∇ϵ∇αΦ− 2e2ΦRγεαδ∇αF βγ∇δF ϵε∇ϵ∇βΦ

−3e2ΦRγϵδε∇αF βγ∇βFα
δ∇ϵ∇εΦ + 4e2ΦRδϵαε∇αF βγ∇βFγ

δ∇ϵ∇εΦ. (20)

Our analysis reveals that the four-field truncation of these couplings reproduces the identical
S-matrix elements as those derived from equation (18).

For the sphere-level interactions, previous work [25] has established the string-frame cou-
plings involving two RR one-form fields and two dilatons. The corresponding one-loop correc-
tions take the following form:

SΦΦCC =− 2

κ2

π2ℓ6s
26.3

∫
d10x

√
−G

[
8∂θ∂ηΦ∂κ∂ηΦ∂νFκµ∂

νFθ
µ−2∂θ∂ηΦ∂

θ∂ηΦ∂νFκµ∂
νF κµ

]
.(21)

In contrast, the one-loop couplings derived in this work exhibit the following distinctive features:

SRF ′2Φ′′ = − 2

κ2

π2ℓ6s
23.3

∫
d10x

√
−G[F ′2Φ′′2]6 . (22)

where the coupling [F ′2Φ′′2]6 is defined in equation (77), incorporating the solution from (13).
This yields:

[F ′2Φ′′2]6 = 2e2Φ∇αF
δϵ∇αF βγ∇δ∇βΦ∇ϵ∇γΦ + 2e2Φ∇αF βγ∇δ∇αΦ∇δFβ

ϵ∇ϵ∇γΦ

+5e2Φ∇αFβ
δ∇αF βγ∇γ∇ϵΦ∇ϵ∇δΦ− e2Φ∇αF βγ∇βFα

δ∇γ∇ϵΦ∇ϵ∇δΦ

−2e2Φ∇αF βγ∇γ∇αΦ∇δFβ
ϵ∇ϵ∇δΦ− 3

2
e2Φ∇αF βγ∇βFαγ∇δ∇ϵΦ∇ϵ∇δΦ. (23)

We demonstrate that the four-field truncation of these couplings reproduces precisely the same
S-matrix elements as those derived from equation (21).

Given the non-vanishing S-matrix elements involving the RR one-form and dilaton in the
string frame, it is fundamentally impossible to express the couplings in a scheme that eliminates
dilaton derivatives. Our systematic investigation, following the approach of [19], confirms
that the 359 non-zero couplings can not be reformulated in a scheme that removes either: (i)
all dilaton couplings or (ii) all gravity-dilaton interactions. This obstruction persists despite
exhaustive attempts to find such representations.
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4 Reduction on K3 and S-duality in 6D

Type IIA string theory compactified on a K3 surface is known to be S-dual to heterotic string
theory on T 4 [2], with the dilatons transforming as Φ → −Φ; aside from 80 additional scalar
moduli fields that we disregard, this duality requires the gauge fields to map between theories,
with 24 gauge fields appearing in each case: for type IIA these consist of (1) the RR one-form,
(2) twenty-two gauge fields from K3 harmonic expansion of the RR three-form, and (3) one
gauge field from Hodge dualization of the RR four-form, while the heterotic theory has (1)
four metric-derived gauge fields from T 4 reduction, (2) sixteen from the Cartan subalgebra of
SO(32) or E8×E8, and (3) four from B-field reduction on T 4 - though we focus specifically on
how the RR one-form in type IIA transforms into one particular metric-derived gauge field in
heterotic theory under this S-duality.

4.1 S-duality at lowest order in derivatives

To establish our conventions, we first study the S-duality transformation at the two-derivative
level. Working in the ansatz where the dilaton and RR one-form are K3-independent and the
metric takes the block-diagonal form

ds2 = Gµν(x)dx
µdxν + gab(y)dy

adyb, (24)

with ya denoting K3 coordinates, the dimensional reduction of the leading two-derivative action
(7) in the metric-dilaton-RR sector yields

S(0) = −2V

κ2
10

∫
d6x

√
−Ge−2Φ

[
R + 4∇µΦ∇µΦ− 1

4
e2ΦFµνF

µν

]
, (25)

where V ≡
∫
K3

d4y
√
g is the K3 volume.

In contrast, the leading-order ten-dimensional effective action of heterotic string theory for
the metric G′ and dilaton Φ′ matches the corresponding terms in the type IIA action (7).
Under the assumption that the dilaton is independent of the T 4 coordinates and decomposing
T 4 = S1 × T 3, the metric takes the form:

ds′2 = G′
MN(x)dx

MdxN + g′ij(z)dz
idzj, (26)

where zi are the coordinates of T 3, xM denotes both the circle coordinate of S(1) and the six-
dimensional spacetime coordinates. Performing the KK reduction on the seven-dimensional
metric using the ansatz:

G′
MN =

(
G′

µν +R−2
1 C ′

µC
′
ν C ′

µ

C ′
ν R2

1

)
, (27)

where R1 represents the radius of the circle coordinate y, while indices µ, ν label the six-
dimensional spacetime directions orthogonal to y. The dimensional reduction then yields the
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following effective action in six dimensions ( see e.g., [33]):

S′(0) = −2V ′

κ′2
10

∫
d6x

√
−G′e−2Φ′

[
R′ + 4∇µΦ

′∇µΦ′ − 1

4
F ′
µνF

′µν
]
, (28)

where the ten-dimensional gravitational coupling is given by κ′2
10 = 1

π
(2πℓ′s)

8g′2s , with ℓ′s being
the heterotic string length scale, and V ′ =

∫
S(1) R1dy

∫
T 3 d

3z
√
g′ represents the T 4 volume

(where R1 is the radius of the S(1) factor and zi are the T 3 coordinates). In above action, the
prime notation on the fields indicates that they belong to the heterotic theory.

The S-duality transformation identifies (i) the NS5-brane wrapped on K3 with the heterotic
string, and (ii) the type IIA string with the NS5-brane wrapped on T 4 in the heterotic theory
[2]. Matching their tensions yields two key relations. First, the six-dimensional string couplings
are related as g6H = g−1

6A , where g26A = g2s/[V/(2πℓs)
4] and g26H = g′2s /[V

′/(2πℓ′s)
4] define the

respective couplings. Second, the six-dimensional gravitational coupling remains invariant:

κ2
10/V = κ′2

10/V
′ . (29)

The six-dimensional field transformations

G′
µν = e−2ΦGµν , Φ′ = −Φ , C ′

µ = Cµ , (30)

then precisely map the tree-level heterotic action (28) to the type IIA tree-level action (25). The
S-duality transformation exchanges the KK vector in heterotic theory with the RR one-form
in type IIA theory, with these mappings satisfying the discrete group Z2.

4.2 S-duality at four-derivative order

The K3 reduction of eight-derivative couplings via the ansatz (24) generates both eight-derivative
terms (which we disregard) and four-derivative couplings. Crucially, the non-flatness of K3 sur-
faces introduces non-vanishing curvature contributions. In particular, the integrated Riemann-
squared term yields a topological invariant [35]:

1

32π2

∫
K3

d4y
√
gRabcdR

abcd = 24 . (31)

This topological constraint plays a key role in producing four-derivative couplings when applied
to eight-derivative couplings involving the Riemann-squared term.

To determine the four-derivative couplings, we first restrict our analysis to the gravitational
sector for simplicity. Using our earlier results, the K3 reduction of the ten-dimensional one-loop
gravity couplings in (11) produces the following four-derivative term in six dimensions:

SR2 = − 2

κ2

4π4ℓ6s
3

∫
d6x

√
−G

[3
2
RµναβR

µναβ
]
. (32)
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In contrast, the 10-dimensional heterotic theory at tree-level contains four-derivative gravity-
dilaton couplings of the form [18]:

S ′
R2 = − 2

κ′2
10

ℓ′2s
8

∫
d10x

√
−G′e−2Φ′

R′
µναβR

′µναβ . (33)

The dimensional reduction of this term on T 4 yields the following six-dimensional gravity-
dilaton coupling:

S ′
R2 = − 2

κ′2
10

ℓ′2s V
′

8

∫
d6x

√
−G′e−2Φ′

R′
µναβR

′µναβ . (34)

The NS5-brane of heterotic theory, when wrapped on T 4, transforms under S-duality into the
fundamental string of type IIA theory. The equality of their tensions yields the relation

2πV ′

(2πℓ′s)
6g′2s

=
1

2πℓ2s
. (35)

Together with the S-duality transformation (30), this relation maps the action (34) to (32) for
a constant dilaton.

We now analyze the complete set of four-derivative couplings involving the gravitational
sector, dilaton, and RR one-form in six dimensions. This includes both the curvature-squared
term (32) and additional structures involving the dilaton and RR field strengths. Applying the
topological constraint (31) from K3 compactification, we derive the following one-loop effective
couplings in six dimensions:

S6D = − 2

κ2

4π4ℓ6s
3

∫
d6x

√
−G

[3
2
RαβγδR

αβγδ +
51

16
e4ΦFα

γFαβFβ
δFγδ +

50151

2560
e4ΦFαβF

αβFγδF
γδ

−3e2ΦFαβF γδRαβγδ − 3e2ΦFαβF γδRαγβδ +
44343

400
e2ΦFβγF

βγ∇αΦ∇αΦ

−13581

200
e2ΦFα

γFβγ∇αΦ∇βΦ− 36

5
∇αΦ∇αΦ∇βΦ∇βΦ− 24

5
∇αΦ∇β∇αΦ∇βΦ

−24

5
∇β∇αΦ∇β∇αΦ +

15

2
e2ΦF βγ∇αΦ∇γFαβ −

18501

400
e2ΦFα

γFαβ∇γ∇βΦ

+
15

2
e2Φ∇βFαγ∇γFαβ

]
. (36)

The above six-dimensional effective action is formulated in the specific minimal scheme devel-
oped in the Appendix.

As observed in [34], S-duality remains uncorrected at higher-derivative orders. To study the
action under S-duality, we must therefore extend it to the most general form—differing only
through six-dimensional field redefinitions, integration by parts, and applications of the Bianchi
identities. To construct this generalization, we first derive a maximal basis in six dimensions
that includes all independent terms up to total derivatives and Bianchi identities, following
the procedure established for the ten-dimensional theory in the Appendix (but excluding field
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redefinition terms). This basis consists of 19 couplings. By equating it with the couplings in
(36) modulo field redefinitions, total derivatives, and Bianchi identities, we ultimately obtain
the following action:

S6D = − 2

κ2

4π4ℓ6s
3

∫
d6x

√
−G

[3
2
RαβγδR

αβγδ + a1e
4ΦFα

γFαβFβ
δFγδ + a2e

4ΦFαβF
αβFγδF

γδ

+(−9

8
− 2a1 + 2a19 −

1

2
a3)e

2ΦFα
γFαβRβγ +

1

4800
(−65403 + 800a1 + 1800a10

+900a11 + 150a12 − 825a13 − 450a14 + 450a15 − 525a16 + 300a17 + 1200a19

+3200a2 − 1200a3)e
2ΦFαβF

αβR +
1

16
(−12 + 4a10 + 4a11 − 2a13 − a14 + a15

−2a16 − 8a3)R
2 + (−3

4
− a19)e

2ΦFαβF γδRαβγδ + a3RαβR
αβ + (

20001

400
+

2

3
a1

−3

8
a12 +

5

16
a13 +

3

8
a14 −

3

16
a15 +

1

16
a16 −

3

4
a17 − 3a19 +

8

3
a2)e

2ΦFβγF
βγ∇αΦ∇αΦ

+a10R∇αΦ∇αΦ + a11R
αβ∇β∇αΦ + a12e

2ΦFα
γFβγ∇αΦ∇βΦ + a13Rαβ∇αΦ∇βΦ

+a14∇αΦ∇αΦ∇βΦ∇βΦ + a15∇αΦ∇β∇αΦ∇βΦ + a16∇β∇αΦ∇β∇αΦ

+a17e
2ΦF βγ∇αΦ∇γFαβ +

1

4
(−3− 16a1 + 2a12 + a13 − a16)e

2ΦFα
γFαβ∇γ∇βΦ

+a19e
2Φ∇γFαβ∇γFαβ

]
, (37)

where a1, a2, a3, · · · represent twelve arbitrary scheme parameters. The actions (37) and (36)
are physically equivalent, being related by allowed field redefinitions of the metric, dilaton and
RR one-form fields.

In contrast, dimensional reduction of the tree-level heterotic effective action (33) via the
compactification schemes (26) and (27) yields the following six-dimensional couplings:

S ′
6D = − 2

κ′2
10

ℓ′2s V
′

8

∫
d6x

√
−G′e−2Φ′

[
R′

αβγδR
′αβγδ +

5

8
F ′
α
γF ′αβF ′

β
δF ′

γδ +
3

8
F ′
αβF

′αβF ′
γδF

′γδ

−F ′αβF ′γδR′
αβγδ − F ′αβF ′γδR′

αγβδ +∇γF
′
αβ∇γF ′αβ

]
. (38)

This six-dimensional heterotic action inherits its scheme dependence from the original ten-
dimensional action (33). To properly analyze its S-duality properties, we must generalize the
action to an arbitrary scheme through field redefinitions. The complete form of the action in a
general scheme is given by:

S ′
6D = − 2

κ2

4π4ℓ6s
3

∫
d6x

√
−G′e−2Φ′

[3
2
R′

αβγδR
′αβγδ + b1F

′
α
γF ′αβF ′

β
δF ′

γδ + b2F
′
αβF

′αβF ′
γδF

′γδ

+
1

4
(2b11 + 2b12 + b13 − b16)R

′
αβR

′αβ +
1

8
(−9− 16b1 − 2b11 − 2b12 − b13 + b16

+16b19)F
′
α
γF ′αβR′

βγ +
1

192
(162 + 32b1 − 36b10 − 12b12 − 6b13 + 9b14 + 2b16 + 8b17
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+8b18 − 32b19 − 256b2)F
′
αβF

′αβR +
1

16
(4b10 − b14)R

′2 + (−3

4
− b19)F

′αβF ′γδR′
αβγδ +

+
1

48
(162 + 32b1 − 12b12 − 9b14 − 3b15 + 2b16 + 8b17 + 8b18 − 32b19 (39)

−256b2)F
′
βγF

′βγ∇αΦ
′∇αΦ′ + b10R

′∇αΦ
′∇αΦ′ + b11R

′αβ∇β∇αΦ
′ + b12F

′
α
γF ′

βγ∇αΦ′∇βΦ′

+b13R
′
αβ∇αΦ′∇βΦ′ + b14∇αΦ

′∇αΦ′∇βΦ
′∇βΦ′ + b15∇αΦ′∇β∇αΦ

′∇βΦ′

+b16∇β∇αΦ
′∇β∇αΦ′+b17F

′βγ∇αΦ′∇γF
′
αβ+b18F

′
α
γF ′αβ∇γ∇βΦ

′ + b19∇γF
′
αβ∇γF ′αβ

]
,

where b1, b2, · · · represent twelve arbitrary scheme parameters, and we have incorporated the
relation (34). The action (39) is physically equivalent to (38), being related by allowed field
redefinitions of the metric, dilaton and KK vector fields.

Under the S-duality transformation (30), the action (37) maps precisely to (39) modulo
total derivative terms and Bianchi identity applications. This correspondence establishes the
following parameter relations between the two actions:

a2 = 65403/6400− a1/4 + (3a13)/64 + (3a14)/64− (3a15)/128, a3 = −(20901/200) + a10

+a11/2− (3a13)/4− a14/2 + (3a15)/8− a16/4, b1 = (4a1)/3, b10 = 13734/25− 4a10

−(4a11)/3 + 4a13 + (8a14)/3− 2a15 + (4a16)/3, b11 = 27268/25 + (8a10)/3 + (20a11)/3

+(4a13)/3 + 2a14 − (2a15)/3− 4a16, b12 = 6767/25− (8a10)/3− (4a11)/3 + (4a13)/3

+(4a14)/3− a15 + (4a16)/3, b13 = −(13834/25) + 12a10 + (16a11)/3− 6a13 − (13a14)/3

+(11a15)/3− (14a16)/3, b14 = 27468/25− (32a10)/3− (16a11)/3 + (32a13)/3 + (20a14)/3

−(16a15)/3 + (16a16)/3, b15 = 26468/25 + (88a10)/3 + (64a11)/3− (68a13)/3− (34a14)/3

+(34a15)/3− 20a16, b16 = 13634/5 + (20a10)/3 + (40a11)/3 + (10a13)/3 + 5a14 − (5a15)/3

−(26a16)/3, b17 = 130273/100− (32a1)/3 + 4a10 + 2a11 + (5a12)/3 + (9a13)/2 + (14a14)/3

−(11a15)/6− (11a16)/6 + 2a17 + (8a19)/3, b18 = 6742/25− (16a1)/3− (8a10)/3− (4a11)/3

−(2a12)/3 + (5a13)/3 + (4a14)/3− a15 + a16 + (32a19)/3, b19 = (4a19)/3, b2 = 21801/1600

−a1/3 + a13/16 + a14/16− a15/32 . (40)

The parameter relations in (40) exhibit an important subtlety: the S-duality transformation
only produces exact equivalence between the generalized form of action (36) and the heterotic
action (39) because the minimal scheme (36) leads to two mutually incompatible parameter
constraints that cannot be simultaneously satisfied.

Since S-duality forms a Z2 group, the S-duality transformation of the classical six-dimensional
heterotic action (39) also yields the one-loop six-dimensional type IIA effective action (37), up
to total derivative terms and applications of the Bianchi identities. Building on the known
S-duality symmetry between SO(32) heterotic and type I superstring theories [36], analogous
calculations were performed in [34] to derive the S-duality transformation of the classical ten-
dimensional heterotic theory at four-derivative order. This transformation generates the corre-
sponding disk-level and higher-genus couplings in the ten-dimensional type I theory.
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The above calculations confirm that the two actions (36) and (38) are indeed S-dual to each
other when appropriate field redefinitions are included. This provides a nontrivial verification
of S-duality between type IIA theory on K3 and heterotic theory on T 4.

5 Conclusion

In this work, we systematically investigate the dimensional reduction of pure gravity cou-
plings at O(ℓ6p), deriving the corresponding one-loop corrections in type IIA theory. These
corrections are expressed in a minimal string-frame basis consisting of 359 non-zero couplings,
whose four-field interactions exactly match known results obtained from linear S- and T-duality
transformations of the standard t8t8R̄

4 couplings. Furthermore, by compactifying the type IIA
couplings on K3, we demonstrate that the resulting one-loop four-derivative terms transform
under S-duality into the tree-level R2 couplings of heterotic theory on T 4. This correspondence
requires appropriate field redefinitions in both six-dimensional theories. The same S-duality
relates the tree-level α′ couplings of the six-dimensional type IIA theory to the one-loop cou-
plings of the six-dimensional heterotic theory [8]. While the latter couplings vanish [29, 30], it
has been shown in [35, 34] that the NS-NS couplings in the former case also vanish.

The four-field M-theory couplings R2F ′2 and F ′4 were derived in [6] using the superparticle
method. When reduced with vanishing B-field, dilaton, and RR one-form, these couplings yield
identical one-loop gravity-RR three-form couplings in type IIA theory. We have verified that
these four-field couplings match those obtained in [24] through S- and T-duality transformations
of the standard t8t8R̄

4 coupling.

Acknowledgments: I would like to thank Linus Wulff for useful conversations.

Appendix: Minimal coupling basis

This appendix establishes the minimal basis of eight-derivative metric-dilaton-RR one-form
couplings by first generating all covariant, RR-gauge invariant terms with even RR field strength
counts and appropriate eΦ dilaton factors, yielding 18,462 candidate couplings through xAct
package [37] as

L′ = c′1Rβ
δϵνRγϵ

µζ RδνµζFα
βFαγe2Φ + · · · , (41)

where c′1, · · · , c′18462 are some coupling constants. However, these terms are not independent
due to: (i) total derivative redundancies, (ii) field redefinition equivalences, and (iii) Bianchi
identity constraints, necessitating systematic reduction to a minimal set.

To systematically eliminate redundant terms arising from total derivatives and field redefi-
nition ambiguities in the Lagrangian L′, we introduce the following compensating terms to the
action:

J ≡ ∇α(Iα) ,
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K ≡ eΦ∇βF
βαδCα − 1

8
e2ΦFαβF

αβδGµ
µ − (Rαβ − 1

2
e2ΦFαγF β

γ + 2∇β∇αΦ)δGαβ

−2(R + 4∇α∇αΦ− 4∇αΦ∇αΦ)(δΦ− 1

4
δGµ

µ). (42)

Here, the vector Iα encompasses all possible covariant and gauge-invariant seven-derivative
terms constructed from the metric, dilaton, and RR one-form fields. Our systematic classifica-
tion identifies 10,349 such independent vectors, with corresponding coefficients J1, · · · , J10349.
The field redefinition contributions arise from the following infinitesimal transformations of the
fundamental fields:

Gµν → Gµν + ℓ6s e
2ΦδGµν ,

Cµ → Cµ + ℓ6s e
ΦδCµ ,

Φ → Φ + ℓ6s e
2ΦδΦ . (43)

The perturbations are introduced into the leading-order action (7) while retaining only linear
terms, with integration by parts applied as shown in (42), where δCµ contains odd powers
of the RR field strength while δGµν and δΦ contain even powers - specifically manifesting as
3,265 metric perturbations (coefficients ei), 1,621 RR-field perturbations gi, and 656 dilaton
perturbations fi. By augmenting L′ with these field redefinitions and total derivative terms, we
obtain an equivalent Lagrangian L with transformed parameters ci, yielding the fundamental
relation:

∆− J −K = 0 . (44)

The difference ∆ = L−L′ preserves the same functional form as L′ but with modified coefficients
δci = ci − c′i , representing the net effect of the field redefinitions and total derivative terms.

To systematically solve equation (44), we must first express it in terms of linearly indepen-
dent couplings by enforcing the relevant Bianchi identities:

Rα[βγδ] = 0 ,

∇[µRαβ]γδ = 0 , (45)

∇[µFαβ] = 0 ,

[∇,∇]O −RO = 0 .

To implement the Bianchi identities while working in a non-gauge-invariant formulation, we
adopt a local inertial frame where covariant derivatives reduce to partial derivatives and first
metric derivatives vanish, while simultaneously expressing all occurrences of ∂F in (44) through
the fundamental relation F = dC - this combined approach automatically satisfies all Bianchi
identities for both the curvature tensor and RR field strength, as established in [38].

Through this systematic procedure, all terms on the left-hand side of (44) can be expressed
in terms of linearly independent (though non-gauge-invariant) couplings, whose vanishing co-
efficients yield algebraic equations with two distinct classes of solutions: (i) 377 relations in-
volving exclusively the δci parameter variations, and (ii) additional equations mixing δci with
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total derivative and field redefinition coefficients (which we disregard). The invariant count of
377 relations in the first class determines the dimension of the physically meaningful coupling
space in L′, as this number remains unchanged under scheme transformations - while particular
schemes may nullify certain coefficients in L′, substituting these back into (44) preserves exactly
377 constraints among the δci parameters.

To systematically eliminate redundant couplings while preserving the 377 fundamental rela-
tions between the δci parameters, we impose a specific scheme choice by nullifying all coefficients
in L′ containing the following structures: R, ∇µF

µα, ∇µ∇µΦ, ∇µ∇νFαβ, ∇µ∇ν∇αΦ, ∇µRναβγ,
RµνRαβ, RµναβRγλ or FαβRµν - crucially, this elimination preserves exactly 377 constraints
among the remaining δci variations, demonstrating that these terms represent non-essential
redundancies in the effective action.

We next eliminate all couplings in L′ containing Rµν by setting their coefficients to zero.
Solving (44) under this constraint yields 376 relations among the δci parameters, demonstrating
that at least one independent coupling must contain Ricci curvature terms. To identify this
essential coupling, we implemented a binary search strategy: we divided the Ricci-containing
terms into subsets, nullified one subset’s coefficients, and verified whether (44) generated 377
relations among the remaining δci’s. If not, we retained the complementary subset. Through
iterative application of this method, we uniquely determined the independent coupling:

[R2R′′]1 = c56R
αβγδRµν

γδ∇α∇µRβν . (46)

While numerous coefficient choices satisfy the 377 relations δci = 0, our selected scheme
organizes these couplings into 52 distinct structures. These fundamental structures form the
basis and are explicitly listed below:

L = [R4]7 + [F ′4]5 + [RΦ′2F ′2]11 + [RF ′2Φ′′]9 + [R2F ′2]13 + [F 2R3]16 + [R3Φ′′]3 + [R3Φ′2]5

+[F 2RΦ′′Φ′2]8 + [R2Φ′′2]5 + [R2Φ′′Φ′2]4 + [R2Φ′4]3 + [F 3F ′Φ′3]9 + [F 4R2]20 + [F 2R2Φ′′]14

+[F 2R2Φ′2]19 + [F 4RΦ′2]12 + [F 2RF ′2]33 + [F 6R]7 + [F 6Φ′′]4 + [F 6Φ′2]1 + [FR2F ′Φ′]2

+[FR2F ′Φ′]15 + [F 4Φ′4]5 + [F 2RΦ′4]4 + [FRΦ′3F ′]10 + [F 4RΦ′′]9 + [F 2Φ′6]2 + [F 4Φ′′2]8

+[F 2RΦ′′2]9 + [F 2F ′2Φ′′]21 + [F 3RΦ′F ′]1 + [FRΦ′′Φ′F ′]2 + [F 2Φ′′2Φ′2]4 + [F 2Φ′2F ′2]17

+[FF ′Φ′Φ′′2]1 + [FF ′Φ′3Φ′′]5 + [RΦ′2Φ′′2]2 + [Φ′4F ′2]4 + [Φ′′4]2 + [FF ′Φ′5]2 + [F 2Φ′4Φ′′]2

+[RΦ′′3]1 + [RΦ′4Φ′′]1 + [F ′2Φ′′2]6 + [F ′2Φ′2Φ′′]4 + [FF ′3Φ′]1 + [Φ′4Φ′′2]2 + [Φ′6Φ′′]1

+[F 8]5 + [F 4F ′2]20 + [R2R′′]1 . (47)

The notation [X]n denotes that structure X admits n distinct contractions, each with an inde-
pendent coupling constant. A prime symbol indicates covariant differentiation of the associated
field. Among these structures, the coupling [R2R′′]1 is explicitly given in (46), while all others
are the following:

[R4]7 = c23R
αβγδRγ

ϵ
α
εRδ

µ
β
νRενϵµ + c39Rα

ϵεµRαβγδRγ
ν
βεRµνδϵ + c40Rα

ϵ
γ
εRαβγδRβϵ

µνRµνδε

+c41Rαγβ
ϵRαβγδRδ

εµνRµνϵε + c42R
αβγδRγδαβR

ϵεµνRµνϵε + c54Rαβ
ϵεRαβγδRµνϵεR

µν
γδ

+c55Rαβ
ϵεRαβγδRµνδεR

µν
γϵ , (48)
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[F ′4]5 = e4Φc254∇αF βγ∇βFα
δ∇γF

ϵε∇δFϵε + e4Φc323∇αFβγ∇αF βγ∇δFϵε∇δF ϵε

+e4Φc342∇αF βγ∇βFγ
δ∇δF

ϵε∇ϵFαε + e4Φc375∇αF βγ∇βFα
δ∇ϵFγ

ε∇εFδϵ

+e4Φc376∇αF
δϵ∇αF βγ∇εFγϵ∇εFβδ , (49)

[RΦ′2F ′2]11 = e2Φc198Rϵεβδ∇αΦ∇αΦ∇βF γδ∇γF
ϵε + e2Φc253Rαϵβε∇αΦ∇βΦ∇γF δϵ∇δFγ

ε

+e2Φc255Rαεβγ∇αΦ∇βΦ∇γF δϵ∇δFϵ
ε + e2Φc321Rϵεγδ∇αFβ

γ∇αΦ∇βΦ∇δF ϵε

+e2Φc359Rϵεγδ∇αF
γδ∇αΦ∇βΦ∇ϵFβ

ε + e2Φc362Rδεγϵ∇αΦ∇βΦ∇γFα
δ∇ϵFβ

ε

+e2Φc364Rδεβϵ∇αΦ∇αΦ∇βF γδ∇ϵFγ
ε + e2Φc365Rδεβϵ∇αF

γδ∇αΦ∇βΦ∇ϵFγ
ε

+e2Φc366Rϵεβδ∇αF
γδ∇αΦ∇βΦ∇ϵFγ

ε + e2Φc369Rδεβϵ∇αΦ∇βΦ∇γFα
δ∇ϵFγ

ε

+e2Φc370Rϵεβδ∇αΦ∇βΦ∇γFα
δ∇ϵFγ

ε , (50)

[RF ′2Φ′′]9 = e2Φc266Rϵεαγ∇αF βγ∇βF
δϵ∇δ∇εΦ + e2Φc291Rδεγϵ∇α∇εΦ∇αF βγ∇δFβ

ϵ

+e2Φc292Rϵεγδ∇α∇εΦ∇αF βγ∇δFβ
ϵ + e2Φc295Rϵεαδ∇αF βγ∇γ∇εΦ∇δFβ

ϵ

+e2Φc319Rϵεγδ∇αF βγ∇β∇αΦ∇δF ϵε + e2Φc344Rδεβγ∇αF βγ∇δF ϵε∇ϵ∇αΦ

+e2Φc346Rγεαδ∇αF βγ∇δF ϵε∇ϵ∇βΦ + e2Φc373Rγϵδε∇αF βγ∇βFα
δ∇ϵ∇εΦ

+e2Φc374Rδϵαε∇αF βγ∇βFγ
δ∇ϵ∇εΦ , (51)

[R2F ′2]13 = e2Φc60Rγ
ϵεµRεµδϵ∇αFβ

δ∇αF βγ + e2Φc70RεµδϵR
εµ

βγ∇αF
δϵ∇αF βγ

+e2Φc71RεµγϵR
εµ

βδ∇αF
δϵ∇αF βγ + e2Φc121R

δϵεµRεµδϵ∇αF βγ∇βFαγ

+e2Φc126Rγ
ϵεµRεµδϵ∇αF βγ∇βFα

δ + e2Φc133Rδ
ε
α
µRϵµγε∇αF βγ∇βF

δϵ

+e2Φc283Rα
ε
δ
µRϵµγε∇αF βγ∇δFβ

ϵ + e2Φc285Rγ
ε
α
µRϵµδε∇αF βγ∇δFβ

ϵ

+e2Φc288RεµγδR
εµ

αϵ∇αF βγ∇δFβ
ϵ + e2Φc310Rβ

µ
αγRϵµδε∇αF βγ∇δF ϵε

+e2Φc312Rα
µ
δϵRεµβγ∇αF βγ∇δF ϵε + e2Φc316Rβϵα

µRεµγδ∇αF βγ∇δF ϵε

+e2Φc317Rβ
µ
αϵRεµγδ∇αF βγ∇δF ϵε , (52)

[F 2R3]16 = e2Φc19F
αβF γδRα

ϵ
γ
εRϵ

µ
β
νRενδµ + e2Φc20FαβF

αβRγδϵεRϵ
µ
γ
νRενδµ

+e2Φc21F
αβF γδRα

ϵ
γ
εRδ

µ
β
νRενϵµ + e2Φc22Fα

γFαβRδ
µ
γ
νRδϵ

β
εRενϵµ

+e2Φc33F
αβF γδRα

ϵεµRε
ν
βϵRµνγδ + e2Φc34F

αβF γδRα
ϵεµRε

ν
βγRµνδϵ

+e2Φc35FαβF
αβRγϵ

µνRγδϵεRµνδε + e2Φc36F
αβF γδRα

ϵ
βγRδ

εµνRµνϵε

+e2Φc37Fα
γFαβRβ

δ
γ
ϵRδ

εµνRµνϵε + e2Φc38F
αβF γδRαγβδR

ϵεµνRµνϵε

+e2Φc48F
αβF γδRα

ϵ
γ
εRµνϵεR

µν
βδ + e2Φc49F

αβF γδRϵε
αγRµνδεR

µν
βϵ

+e2Φc50F
αβF γδRα

ϵ
γ
εRµνδϵR

µν
βε + e2Φc51F

αβF γδRα
ϵ
β
εRµνϵεR

µν
γδ

+e2Φc52Fα
γFαβRβ

δϵεRµνδεR
µν

γϵ + e2Φc53F
αβF γδRϵε

αβRµνδεR
µν

γϵ , (53)

[R3Φ′′]3 = c97Rγ
ε
β
µRγδ

α
ϵRϵµδε∇α∇βΦ + c107Rα

γ
β
δRγ

ϵεµRεµδϵ∇α∇βΦ

+c112Rα
γδϵRεµγϵR

εµ
βδ∇α∇βΦ , (54)
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[R3Φ′2]5 = c76R
βγδϵRδ

ε
β
µRϵµγε∇αΦ∇αΦ + c77Rβδ

εµRβγδϵRεµγϵ∇αΦ∇αΦ

+c169Rγ
ε
β
µRγδ

α
ϵRϵµδε∇αΦ∇βΦ + c179Rα

γ
β
δRγ

ϵεµRεµδϵ∇αΦ∇βΦ

+c184Rα
γδϵRεµγϵR

εµ
βδ∇αΦ∇βΦ , (55)

[F 2RΦ′′Φ′2]8 = e2Φc185Fδ
εF δϵRγϵβε∇α∇γΦ∇αΦ∇βΦ + e2Φc186Fγ

δF ϵεRϵεβδ∇α∇γΦ∇αΦ∇βΦ

+e2Φc187Fβ
δF ϵεRϵεγδ∇α∇γΦ∇αΦ∇βΦ + e2Φc241FϵεF

ϵεRαγβδ∇αΦ∇βΦ∇γ∇δΦ

+e2Φc242Fα
ϵFϵ

εRγεβδ∇αΦ∇βΦ∇γ∇δΦ + e2Φc243Fα
ϵFγ

εRδεβϵ∇αΦ∇βΦ∇γ∇δΦ

+e2Φc245Fα
ϵFγ

εRϵεβδ∇αΦ∇βΦ∇γ∇δΦ + e2Φc246FαγF
ϵεRϵεβδ∇αΦ∇βΦ∇γ∇δΦ,

[R2Φ′′2]5 = c117Rβ
δϵεRϵεγδ∇α∇γΦ∇α∇βΦ + c140R

γδϵεRϵεγδ∇α∇βΦ∇β∇αΦ

+c234Rα
ϵ
β
εRγεδϵ∇α∇βΦ∇γ∇δΦ + c235Rα

ϵ
γ
εRδεβϵ∇α∇βΦ∇γ∇δΦ

+c238RϵεβδR
ϵε
αγ∇α∇βΦ∇γ∇δΦ , (56)

[R2Φ′′Φ′2]4 = c188Rβ
δϵεRϵεγδ∇α∇γΦ∇αΦ∇βΦ + c193R

γδϵεRϵεγδ∇αΦ∇β∇αΦ∇βΦ

+c244Rγ
ϵ
α
εRδεβϵ∇αΦ∇βΦ∇γ∇δΦ + c247RϵεβδR

ϵε
αγ∇αΦ∇βΦ∇γ∇δΦ, (57)

[R2Φ′4]3 = c192R
γδϵεRϵεγδ∇αΦ∇αΦ∇βΦ∇βΦ + c223Rβ

δϵεRϵεγδ∇αΦ∇αΦ∇βΦ∇γΦ

+c328Rα
ϵ
β
εRγεδϵ∇αΦ∇βΦ∇γΦ∇δΦ , (58)

[F 3F ′Φ′3]9 = e4Φc206Fγ
ϵFδ

εFϵε∇αΦ∇αΦ∇βΦ∇γFβ
δ + e4Φc207FγδFϵεF

ϵε∇αΦ∇αΦ∇βΦ∇γFβ
δ

+e4Φc209Fβ
εFγδFϵε∇αΦ∇αΦ∇βΦ∇γF δϵ + e4Φc210FβδFγ

εFϵε∇αΦ∇αΦ∇βΦ∇γF δϵ

+e4Φc214Fγ
ϵFδ

εFϵε∇αFβ
δ∇αΦ∇βΦ∇γΦ + e4Φc215FγδFϵεF

ϵε∇αFβ
δ∇αΦ∇βΦ∇γΦ

+e4Φc217FβδFγ
εFϵε∇αF

δϵ∇αΦ∇βΦ∇γΦ + e4Φc267Fβ
εFγεFδϵ∇αΦ∇βΦ∇γΦ∇δFα

ϵ

+e4Φc268FβδFγ
εFϵε∇αΦ∇βΦ∇γΦ∇δFα

ϵ , (59)

[F 4R2]20 = e4Φc11F
αβF γδF ϵεF µνRαγβδRϵµεν + e4Φc12Fα

γFαβFδ
εF δϵRβ

µ
γ
νRϵνεµ

+e4Φc13F
αβF γδF ϵεF µνRαγϵµRενβδ + e4Φc14Fα

γFαβFδ
εF δϵRβ

µ
ϵ
νRενγµ

+e4Φc15Fα
γFαβF δϵF εµRδ

ν
βϵRενγµ + e4Φc16FαβF

αβF γδF ϵεRγ
µ
ϵ
νRενδµ

+e4Φc17Fα
γFαβFβ

δF ϵεRϵ
µ
γ
νRενδµ + e4Φc18Fα

γFαβF δϵF εµRβ
ν
γδRενϵµ

+e4Φc26Fα
γFαβF δϵF εµRβδε

νRµνγϵ + e4Φc27Fα
γFαβF δϵF εµRδ

ν
βεRµνγϵ

+e4Φc28F
αβF γδF ϵεF µνRαβγϵRµνδε + e4Φc29Fα

γFαβFβ
δFγ

ϵRδ
εµνRµνϵε

+e4Φc30FαβF
αβFγ

ϵF γδRδ
εµνRµνϵε + e4Φc31Fα

γFαβFβ
δFγδR

ϵεµνRµνϵε

+e4Φc32FαβF
αβFγδF

γδRϵεµνRµνϵε + e4Φc43Fα
γFαβFδ

εF δϵRµνγεR
µν

βϵ

+e4Φc44Fα
γFαβFβ

δF ϵεRµνϵεR
µν

γδ + e4Φc45FαβF
αβF γδF ϵεRµνϵεR

µν
γδ

+e4Φc46Fα
γFαβFβ

δF ϵεRµνδεR
µν

γϵ + e4Φc47FαβF
αβF γδF ϵεRµνδεR

µν
γϵ ,
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[F 2R2Φ′′]14 = e2Φc92Fγ
ϵF γδRα

ε
β
µRδµϵε∇α∇βΦ + e2Φc93F

γδF ϵεRγ
µ
αδRϵµβε∇α∇βΦ

+e2Φc94Fγ
ϵF γδRδ

ε
α
µRϵµβε∇α∇βΦ + e2Φc95Fα

γF δϵRδ
ε
β
µRϵµγε∇α∇βΦ

+e2Φc96F
γδF ϵεRα

µ
βγRϵµδε∇α∇βΦ + e2Φc100F

γδF ϵεRαγϵ
µRεµβδ∇α∇βΦ

+e2Φc101F
γδF ϵεRγ

µ
αϵRεµβδ∇α∇βΦ + e2Φc103FγδF

γδRα
ϵεµRεµβϵ∇α∇βΦ

+e2Φc105Fα
γFγ

δRβ
ϵεµRεµδϵ∇α∇βΦ + e2Φc106Fα

γFβ
δRγ

ϵεµRεµδϵ∇α∇βΦ

+e2Φc108Fα
γFβγR

δϵεµRεµδϵ∇α∇βΦ + e2Φc109Fγ
ϵF γδRεµβϵR

εµ
αδ∇α∇βΦ

+e2Φc110Fα
γF δϵRεµδϵR

εµ
βγ∇α∇βΦ + e2Φc111Fα

γF δϵRεµγϵR
εµ

βδ∇α∇βΦ,

[F 2R2Φ′2]19 = e2Φc75F
βγF δϵRβ

ε
δ
µRϵµγε∇αΦ∇αΦ + e2Φc79Fβ

δF βγRγ
ϵεµRεµδϵ∇αΦ∇αΦ

+e2Φc80FβγF
βγRδϵεµRεµδϵ∇αΦ∇αΦ + e2Φc81F

βγF δϵRεµδϵR
εµ

βγ∇αΦ∇αΦ

+e2Φc82F
βγF δϵRεµγϵR

εµ
βδ∇αΦ∇αΦ + e2Φc164Fγ

ϵF γδRα
ε
β
µRδµϵε∇αΦ∇βΦ

+e2Φc165F
γδF ϵεRγ

µ
αδRϵµβε∇αΦ∇βΦ + e2Φc166Fγ

ϵF γδRδ
ε
α
µRϵµβε∇αΦ∇βΦ

+e2Φc167Fα
γF δϵRδ

ε
β
µRϵµγε∇αΦ∇βΦ + e2Φc168F

γδF ϵεRα
µ
βγRϵµδε∇αΦ∇βΦ

+e2Φc172F
γδF ϵεRαγϵ

µRεµβδ∇αΦ∇βΦ + e2Φc173F
γδF ϵεRγ

µ
αϵRεµβδ∇αΦ∇βΦ

+e2Φc175FγδF
γδRα

ϵεµRεµβϵ∇αΦ∇βΦ + e2Φc177Fα
γFγ

δRβ
ϵεµRεµδϵ∇αΦ∇βΦ

+e2Φc178Fα
γFβ

δRγ
ϵεµRεµδϵ∇αΦ∇βΦ + e2Φc180Fα

γFβγR
δϵεµRεµδϵ∇αΦ∇βΦ

+e2Φc181Fγ
ϵF γδRεµβϵR

εµ
αδ∇αΦ∇βΦ + e2Φc182Fα

γF δϵRεµδϵR
εµ

βγ∇αΦ∇βΦ

+e2Φc183Fα
γF δϵRεµγϵR

εµ
βδ∇αΦ∇βΦ , (60)

[F 4RΦ′2]12 = e4Φc73Fβ
δF βγFϵ

µF ϵεRγεδµ∇αΦ∇αΦ + e4Φc74FβγF
βγF δϵF εµRδεϵµ∇αΦ∇αΦ

+e4Φc78Fβ
δF βγFγ

ϵF εµRεµδϵ∇αΦ∇αΦ + e4Φc159Fγ
ϵF γδFδ

εFϵ
µRαεβµ∇αΦ∇βΦ

+e4Φc160FγδF
γδFϵ

µF ϵεRαεβµ∇αΦ∇βΦ + e4Φc161Fα
γFβ

δFϵ
µF ϵεRγεδµ∇αΦ∇βΦ

+e4Φc162Fα
γFγ

δFϵ
µF ϵεRδεβµ∇αΦ∇βΦ + e4Φc163Fα

γFβγF
δϵF εµRδεϵµ∇αΦ∇βΦ

+e4Φc170Fα
γFδ

εF δϵFϵ
µRεµβγ∇αΦ∇βΦ + e4Φc171Fα

γFδϵF
δϵF εµRεµβγ∇αΦ∇βΦ

+e4Φc174Fα
γFγ

δFδ
ϵF εµRεµβϵ∇αΦ∇βΦ + e4Φc176Fα

γFβ
δFγ

ϵF εµRεµδϵ∇αΦ∇βΦ,

[F 2RF ′2]33 = e4Φc59Fγ
ϵF εµRεµδϵ∇αFβ

δ∇αF βγ + e4Φc66Fβ
εFδ

µRεµγϵ∇αF
δϵ∇αF βγ

+e4Φc67FβδF
εµRεµγϵ∇αF

δϵ∇αF βγ + e4Φc68Fβ
εFγ

µRεµδϵ∇αF
δϵ∇αF βγ

+e4Φc69FβγF
εµRεµδϵ∇αF

δϵ∇αF βγ + e4Φc120F
δϵF εµRδεϵµ∇αF βγ∇βFαγ

+e4Φc124Fϵ
µF ϵεRγεδµ∇αF βγ∇βFα

δ + e4Φc125Fγ
ϵF εµRεµδϵ∇αF βγ∇βFα

δ

+e4Φc127Fϵ
µF ϵεRδεαµ∇αF βγ∇βFγ

δ + e4Φc129FεµF
εµRδϵαγ∇αF βγ∇βF

δϵ

+e4Φc130Fδ
εFε

µRϵµαγ∇αF βγ∇βF
δϵ + e4Φc131Fγ

εFδ
µRϵµαε∇αF βγ∇βF

δϵ

+e4Φc132Fα
εFδ

µRϵµγε∇αF βγ∇βF
δϵ + e4Φc134Fα

εFδ
µRεµγϵ∇αF βγ∇βF

δϵ

+e4Φc135FαδF
εµRεµγϵ∇αF βγ∇βF

δϵ + e4Φc278FεµF
εµRγϵαδ∇αF βγ∇δFβ

ϵ

+e4Φc279Fα
εFε

µRδµγϵ∇αF βγ∇δFβ
ϵ + e4Φc280Fα

εFϵ
µRδµγε∇αF βγ∇δFβ

ϵ
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+e4Φc281Fγ
εFε

µRϵµαδ∇αF βγ∇δFβ
ϵ + e4Φc282Fα

εFε
µRϵµγδ∇αF βγ∇δFβ

ϵ

+e4Φc284Fα
εFγ

µRϵµδε∇αF βγ∇δFβ
ϵ + e4Φc286Fα

εFδ
µRεµγϵ∇αF βγ∇δFβ

ϵ

+e4Φc287FαδF
εµRεµγϵ∇αF βγ∇δFβ

ϵ + e4Φc304Fβ
µFϵµRγεαδ∇αF βγ∇δF ϵε

+e4Φc305Fα
µFϵµRδεβγ∇αF βγ∇δF ϵε + e4Φc306Fα

µFβµRϵεγδ∇αF βγ∇δF ϵε

+e4Φc307FαδFβ
µRϵµγε∇αF βγ∇δF ϵε + e4Φc308FαβFδ

µRϵµγε∇αF βγ∇δF ϵε

+e4Φc309FαβFγ
µRϵµδε∇αF βγ∇δF ϵε + e4Φc311FαϵFδ

µRεµβγ∇αF βγ∇δF ϵε

+e4Φc313Fα
µFβϵRεµγδ∇αF βγ∇δF ϵε + e4Φc314FαϵFβ

µRεµγδ∇αF βγ∇δF ϵε

+e4Φc315FαβFϵ
µRεµγδ∇αF βγ∇δF ϵε , (61)

[F 6R]7 = e6Φc6Fα
γFαβFβ

δFϵ
µF ϵεFε

νRγµδν + e6Φc7Fα
γFαβFβ

δFγ
ϵFε

νF εµRδµϵν

+e6Φc8FαβF
αβFγ

ϵF γδFε
νF εµRδµϵν + e6Φc9Fα

γFαβFβ
δFγδF

ϵεF µνRϵµεν

+e6Φc10FαβF
αβFγδF

γδF ϵεF µνRϵµεν + e6Φc24Fα
γFαβFβ

δFγ
ϵFδ

εF µνRµνϵε

+e6Φc25FαβF
αβFγ

ϵF γδFδ
εF µνRµνϵε , (62)

[F 6Φ′′]4 = e6Φc83Fα
γFβ

δFγ
ϵFδ

εFϵ
µFεµ∇α∇βΦ + e6Φc84Fα

γFβγFδ
εF δϵFϵ

µFεµ∇α∇βΦ

+e6Φc85Fα
γFβ

δFγ
ϵFδϵFεµF

εµ∇α∇βΦ + e6Φc86Fα
γFβγFδϵF

δϵFεµF
εµ∇α∇βΦ,

[F 6Φ′2]1 = e6Φc158Fα
γFβγFδϵF

δϵFεµF
εµ∇αΦ∇βΦ , (63)

[F 4Φ′2Φ′′]2 = e4Φc239FαγFβ
ϵFδ

εFϵε∇αΦ∇βΦ∇γ∇δΦ + e4Φc240FαγFβδFϵεF
ϵε∇αΦ∇βΦ∇γ∇δΦ,

[FR2F ′Φ′]15 = e2Φc72Fβ
δRγ

ϵεµRεµδϵ∇αF
βγ∇αΦ + e2Φc143Fβ

δRγ
ϵεµRεµδϵ∇αΦ∇βFα

γ

+e2Φc144FβγR
δϵεµRεµδϵ∇αΦ∇βFα

γ + e2Φc145F
δϵRεµδϵR

εµ
βγ∇αΦ∇βFα

γ

+e2Φc146F
δϵRεµγϵR

εµ
βδ∇αΦ∇βFα

γ + e2Φc147F
ϵεRβ

µ
αγRϵµδε∇αΦ∇βF γδ

+e2Φc148Fα
ϵRγ

ε
β
µRϵµδε∇αΦ∇βF γδ + e2Φc149F

ϵεRγ
µ
αβRϵµδε∇αΦ∇βF γδ

+e2Φc150F
ϵεRγ

µ
βϵRεµαδ∇αΦ∇βF γδ + e2Φc151F

ϵεRβ
µ
αϵRεµγδ∇αΦ∇βF γδ

+e2Φc152F
ϵεRϵ

µ
αβRεµγδ∇αΦ∇βF γδ + e2Φc153FαγRβ

ϵεµRεµδϵ∇αΦ∇βF γδ

+e2Φc154Fγ
ϵRεµβϵR

εµ
αδ∇αΦ∇βF γδ + e2Φc155Fβ

ϵRεµγδR
εµ

αϵ∇αΦ∇βF γδ

+e2Φc156Fα
ϵRεµγδR

εµ
βϵ∇αΦ∇βF γδ , (64)

[F 4Φ′4]5 = e4Φc189Fγ
ϵF γδFδ

εFϵε∇αΦ∇αΦ∇βΦ∇βΦ + e4Φc190FγδF
γδFϵεF

ϵε∇αΦ∇αΦ∇βΦ∇βΦ

+e4Φc219Fβ
δFγ

ϵFδ
εFϵε∇αΦ∇αΦ∇βΦ∇γΦ + e4Φc220Fβ

δFγδFϵεF
ϵε∇αΦ∇αΦ∇βΦ∇γΦ

+e4Φc326Fα
ϵFβϵFγ

εFδε∇αΦ∇βΦ∇γΦ∇δΦ , (65)

[F 2RΦ′4]4 = e2Φc191F
γδF ϵεRγϵδε∇αΦ∇αΦ∇βΦ∇βΦ + e2Φc221Fδ

εF δϵRβϵγε∇αΦ∇αΦ∇βΦ∇γΦ

+e2Φc222Fβ
δF ϵεRϵεγδ∇αΦ∇αΦ∇βΦ∇γΦ + e2Φc327Fα

ϵFβ
εRγϵδε∇αΦ∇βΦ∇γΦ∇δΦ,
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[FRΦ′3F ′]10 = e2Φc208F
ϵεRϵεγδ∇αΦ∇αΦ∇βΦ∇γFβ

δ + e2Φc211Fγ
εRδεβϵ∇αΦ∇αΦ∇βΦ∇γF δϵ

+e2Φc212Fβ
εRδεγϵ∇αΦ∇αΦ∇βΦ∇γF δϵ + e2Φc213Fδ

εRϵεβγ∇αΦ∇αΦ∇βΦ∇γF δϵ

+e2Φc216F
ϵεRϵεγδ∇αFβ

δ∇αΦ∇βΦ∇γΦ + e2Φc218Fδ
εRβεγϵ∇αF

δϵ∇αΦ∇βΦ∇γΦ

+e2Φc269Fδ
εRβεγϵ∇αΦ∇βΦ∇γΦ∇δFα

ϵ + e2Φc270Fβ
εRδεγϵ∇αΦ∇βΦ∇γΦ∇δFα

ϵ

+e2Φc271Fβ
εRϵεγδ∇αΦ∇βΦ∇γΦ∇δFα

ϵ + e2Φc322FαϵRβεγδ∇αΦ∇βΦ∇γΦ∇δF ϵε,

[F 4RΦ′′]9 = e4Φc87Fγ
ϵF γδFδ

εFϵ
µRαεβµ∇α∇βΦ + e4Φc88FγδF

γδFϵ
µF ϵεRαεβµ∇α∇βΦ

+e4Φc89Fα
γFβ

δFϵ
µF ϵεRγεδµ∇α∇βΦ + e4Φc90Fα

γFγ
δFϵ

µF ϵεRδεβµ∇α∇βΦ

+e4Φc91Fα
γFβγF

δϵF εµRδεϵµ∇α∇βΦ + e4Φc98Fα
γFδ

εF δϵFϵ
µRεµβγ∇α∇βΦ

+e4Φc99Fα
γFδϵF

δϵF εµRεµβγ∇α∇βΦ + e4Φc102Fα
γFγ

δFδ
ϵF εµRεµβϵ∇α∇βΦ

+e4Φc104Fα
γFβ

δFγ
ϵF εµRεµδϵ∇α∇βΦ , (66)

[F 2Φ′6]2=e2Φc224FδϵF
δϵ∇αΦ∇αΦ∇βΦ∇βΦ∇γΦ∇γΦ+e2Φc330Fγ

ϵFδϵ∇αΦ∇αΦ∇βΦ∇βΦ∇γΦ∇δΦ,

[F 4Φ′′2]8 = e4Φc113Fβ
δFγ

ϵFδ
εFϵε∇α∇γΦ∇α∇βΦ + e4Φc114Fβ

δFγδFϵεF
ϵε∇α∇γΦ∇α∇βΦ

+e4Φc137Fγ
ϵF γδFδ

εFϵε∇α∇βΦ∇β∇αΦ + e4Φc138FγδF
γδFϵεF

ϵε∇α∇βΦ∇β∇αΦ

+e4Φc226Fα
ϵFβ

εFγϵFδε∇α∇βΦ∇γ∇δΦ + e4Φc227Fα
ϵFβϵFγ

εFδε∇α∇βΦ∇γ∇δΦ

+e4Φc228FαγFβ
ϵFδ

εFϵε∇α∇βΦ∇γ∇δΦ + e4Φc229FαγFβδFϵεF
ϵε∇α∇βΦ∇γ∇δΦ,

[F 2RΦ′′2]9 = e2Φc115Fδ
εF δϵRβϵγε∇α∇γΦ∇α∇βΦ + e2Φc116Fβ

δF ϵεRϵεγδ∇α∇γΦ∇α∇βΦ

+e2Φc139F
γδF ϵεRγϵδε∇α∇βΦ∇β∇αΦ + e2Φc230FϵεF

ϵεRαγβδ∇α∇βΦ∇γ∇δΦ

+e2Φc231Fα
ϵFγ

εRβεδϵ∇α∇βΦ∇γ∇δΦ + e2Φc232Fα
ϵFβ

εRγϵδε∇α∇βΦ∇γ∇δΦ

+e2Φc233Fα
ϵFϵ

εRγεβδ∇α∇βΦ∇γ∇δΦ + e2Φc236Fα
ϵFγ

εRϵεβδ∇α∇βΦ∇γ∇δΦ

+e2Φc237FαγF
ϵεRϵεβδ∇α∇βΦ∇γ∇δΦ , (67)

[F 2F ′2Φ′′]21 = e4Φc136FγδFϵε∇α∇εΦ∇αF βγ∇βF
δϵ + e4Φc141FγδFϵε∇αF

δϵ∇αF βγ∇β∇εΦ

+e4Φc200Fδ
εFϵε∇αFβ

δ∇αF βγ∇γ∇ϵΦ + e4Φc201Fδ
εFϵε∇αF βγ∇βFα

δ∇γ∇ϵΦ

+e4Φc256Fγ
εFϵε∇αF βγ∇βF

δϵ∇δ∇αΦ + e4Φc257Fγ
εFϵε∇αF

δϵ∇αF βγ∇δ∇βΦ

+e4Φc259FϵεF
ϵε∇αFβ

δ∇αF βγ∇δ∇γΦ + e4Φc260FϵεF
ϵε∇αF βγ∇βFα

δ∇δ∇γΦ

+e4Φc265FαγFϵε∇αF βγ∇βF
δϵ∇δ∇εΦ + e4Φc289FγεFδϵ∇α∇εΦ∇αF βγ∇δFβ

ϵ

+e4Φc290FγδFϵε∇α∇εΦ∇αF βγ∇δFβ
ϵ + e4Φc293Fδ

εFϵε∇αF βγ∇γ∇αΦ∇δFβ
ϵ

+e4Φc294FαδFϵε∇αF βγ∇γ∇εΦ∇δFβ
ϵ + e4Φc297Fγ

εFϵε∇αF βγ∇δ∇αΦ∇δFβ
ϵ

+e4Φc318FγδFϵε∇αF βγ∇β∇αΦ∇δF ϵε + e4Φc324FβϵFγε∇αF βγ∇δ∇αΦ∇δF ϵε

+e4Φc325FβγFϵε∇αF βγ∇δ∇αΦ∇δF ϵε + e4Φc336Fδ
εFϵε∇αF βγ∇βFαγ∇δ∇ϵΦ

+e4Φc345FαδFγε∇αF βγ∇δF ϵε∇ϵ∇βΦ + e4Φc371FγϵFδε∇αFβ
δ∇αF βγ∇ϵ∇εΦ

+e4Φc372FγϵFδε∇αF βγ∇βFα
δ∇ϵ∇εΦ , (68)
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[F 3RΦ′F ′]1 = e4Φc142Fβ
δFγ

ϵF εµRεµδϵ∇αΦ∇βFα
γ , (69)

[FRΦ′′Φ′F ′]2 = e2Φc157Fβ
εRϵεγδ∇α∇ϵΦ∇αΦ∇βF γδ + e2Φc337Fδ

εRϵεβγ∇αΦ∇βFα
γ∇δ∇ϵΦ,

[F 2Φ′′2Φ′2]4 = e2Φc194Fγ
ϵFδϵ∇α∇γΦ∇αΦ∇β∇δΦ∇βΦ + e2Φc199FδϵF

δϵ∇α∇γΦ∇αΦ∇βΦ∇γ∇βΦ

+e2Φc248Fγ
ϵFδϵ∇αΦ∇β∇αΦ∇βΦ∇γ∇δΦ + e2Φc338FβδFγϵ∇α∇γΦ∇αΦ∇βΦ∇δ∇ϵΦ,

[F 2Φ′2F ′2]17 = e4Φc195FϵεF
ϵε∇αΦ∇αΦ∇βF γδ∇γFβδ + e4Φc196Fδ

εFϵε∇αΦ∇αΦ∇βF γδ∇γFβ
ϵ

+e4Φc197Fδ
εFϵε∇αF

γδ∇αΦ∇βΦ∇γFβ
ϵ + e4Φc203FϵεF

ϵε∇αΦ∇βΦ∇γFβδ∇γFα
δ

+e4Φc204Fδ
εFϵε∇αΦ∇βΦ∇γFβ

ϵ∇γFα
δ + e4Φc205FβϵFδε∇αΦ∇βΦ∇γF

ϵε∇γFα
δ

+e4Φc250FϵεF
ϵε∇αΦ∇βΦ∇γFα

δ∇δFβγ + e4Φc252Fβ
εFϵε∇αΦ∇βΦ∇γFα

δ∇δFγ
ϵ

+e4Φc298Fδ
εFϵε∇αFβ

γ∇αΦ∇βΦ∇δFγ
ϵ + e4Φc320FγδFϵε∇αFβ

γ∇αΦ∇βΦ∇δF ϵε

+e4Φc356Fδ
εFϵε∇αF

γδ∇αΦ∇βΦ∇ϵFβγ + e4Φc358FγϵFδε∇αF
γδ∇αΦ∇βΦ∇ϵFβ

ε

+e4Φc360FγϵFδε∇αΦ∇βΦ∇γFα
δ∇ϵFβ

ε + e4Φc361FγδFϵε∇αΦ∇βΦ∇γFα
δ∇ϵFβ

ε

+e4Φc363Fβ
εFϵε∇αΦ∇βΦ∇γFα

δ∇ϵFγδ + e4Φc367FβϵFδε∇αΦ∇βΦ∇γFα
δ∇ϵFγ

ε

+e4Φc368FβδFϵε∇αΦ∇βΦ∇γFα
δ∇ϵFγ

ε , (70)

[FF ′Φ′Φ′′2]1 = e2Φc202Fδϵ∇αΦ∇β∇αΦ∇βF γδ∇γ∇ϵΦ , (71)

[FF ′Φ′3Φ′′]5 = e2Φc225Fδϵ∇αFβ
δ∇αΦ∇βΦ∇γ∇ϵΦ∇γΦ + e2Φc258Fγϵ∇αF

δϵ∇αΦ∇βΦ∇γΦ∇δ∇βΦ

+e2Φc264Fγϵ∇αFβ
δ∇αΦ∇βΦ∇γΦ∇δ∇ϵΦ + e2Φc272Fδϵ∇αΦ∇βΦ∇γ∇βΦ∇γΦ∇δFα

ϵ

+e2Φc273Fγϵ∇αΦ∇βΦ∇γΦ∇δ∇βΦ∇δFα
ϵ , (72)

[RΦ′2Φ′′2]2 = c249Rαδβϵ∇αΦ∇βΦ∇γ∇ϵΦ∇γ∇δΦ + c339Rγδβϵ∇α∇γΦ∇αΦ∇βΦ∇δ∇ϵΦ, (73)

[Φ′4F ′2]4 = e2Φc251∇αΦ∇αΦ∇βΦ∇βΦ∇γF δϵ∇δFγϵ + e2Φc296∇αΦ∇αΦ∇βΦ∇γΦ∇δFγϵ∇δFβ
ϵ

+e2Φc332∇αFβ
ϵ∇αΦ∇βΦ∇γFδϵ∇γΦ∇δΦ + e2Φc343∇αΦ∇αΦ∇βΦ∇γΦ∇δFβ

ϵ∇ϵFγδ,

[Φ′′4]2 = c261∇α∇γΦ∇α∇βΦ∇β∇δΦ∇δ∇γΦ + c263∇α∇βΦ∇β∇αΦ∇γ∇δΦ∇δ∇γΦ, (74)

[FF ′Φ′5]2=e2Φc299Fδϵ∇αΦ∇αΦ∇βΦ∇βΦ∇γΦ∇δFγ
ϵ + e2Φc329Fδϵ∇αΦ∇αΦ∇βFγ

ϵ∇βΦ∇γΦ∇δΦ,

[F 2Φ′4Φ′′]2=e2Φc331Fγ
ϵFδϵ∇αΦ∇β∇αΦ∇βΦ∇γΦ∇δΦ + e2Φc340FβδFγϵ∇αΦ∇αΦ∇βΦ∇γΦ∇δ∇ϵΦ,
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[RΦ′′3]1 = c335Rβδγϵ∇α∇γΦ∇α∇βΦ∇δ∇ϵΦ , (75)

[RΦ′4Φ′′]1 = c341Rβδγϵ∇αΦ∇αΦ∇βΦ∇γΦ∇δ∇ϵΦ , (76)

[F ′2Φ′′2]6 = e2Φc347∇αF
δϵ∇αF βγ∇δ∇βΦ∇ϵ∇γΦ + e2Φc348∇αF βγ∇δ∇αΦ∇δFβ

ϵ∇ϵ∇γΦ (77)

+e2Φc350∇αFβ
δ∇αF βγ∇γ∇ϵΦ∇ϵ∇δΦ + e2Φc351∇αF βγ∇βFα

δ∇γ∇ϵΦ∇ϵ∇δΦ

+e2Φc353∇αF βγ∇γ∇αΦ∇δFβ
ϵ∇ϵ∇δΦ + e2Φc355∇αF βγ∇βFαγ∇δ∇ϵΦ∇ϵ∇δΦ,

[F ′2Φ′2Φ′′]4 = e2Φc349∇αF
γδ∇αΦ∇βΦ∇γFβ

ϵ∇ϵ∇δΦ + e2Φc352∇αΦ∇βΦ∇γFβ
ϵ∇γFα

δ∇ϵ∇δΦ

+e2Φc354∇αFβ
γ∇αΦ∇βΦ∇δFγ

ϵ∇ϵ∇δΦ + e2Φc357∇αF
γδ∇αΦ∇βΦ∇ϵ∇δΦ∇ϵFβγ,

[FF ′3Φ′]1 = e4Φc377Fϵε∇αΦ∇βFα
γ∇δFβ

ϵ∇εFγδ , (78)

[Φ′4Φ′′2]2= c262∇αΦ∇αΦ∇β∇δΦ∇βΦ∇γΦ∇δ∇γΦ + c334∇αΦ∇β∇αΦ∇βΦ∇γΦ∇δ∇γΦ∇δΦ,

[Φ′6Φ′′]1 = c333∇αΦ∇αΦ∇βΦ∇βΦ∇γΦ∇γΦ∇δΦ∇δΦ , (79)

[F 8]5 = e8Φc1Fα
γFαβFβ

δFγ
ϵFδ

εFϵ
µFε

νFµν + e8Φc2FαβF
αβFγ

ϵF γδFδ
εFϵ

µFε
νFµν

+e8Φc3Fα
γFαβFβ

δFγδFϵ
µF ϵεFε

νFµν + e8Φc4FαβF
αβFγδF

γδFϵ
µF ϵεFε

νFµν

+e8Φc5FαβF
αβFγδF

γδFϵεF
ϵεFµνF

µν , (80)

[F 4F ′2]20 = e6Φc57Fγ
ϵFδ

εFϵ
µFεµ∇αFβ

δ∇αF βγ + e6Φc58Fγ
ϵFδϵFεµF

εµ∇αFβ
δ∇αF βγ

+e6Φc61Fβ
εFγ

µFδεFϵµ∇αF
δϵ∇αF βγ + e6Φc62FβδFγ

εFϵ
µFεµ∇αF

δϵ∇αF βγ

+e6Φc63FβγFδ
εFϵ

µFεµ∇αF
δϵ∇αF βγ + e6Φc64FβδFγϵFεµF

εµ∇αF
δϵ∇αF βγ

+e6Φc65FβγFδϵFεµF
εµ∇αF

δϵ∇αF βγ + e6Φc118Fδ
εF δϵFϵ

µFεµ∇αF βγ∇βFαγ

+e6Φc119FδϵF
δϵFεµF

εµ∇αF βγ∇βFαγ + e6Φc122Fγ
ϵFδ

εFϵ
µFεµ∇αF βγ∇βFα

δ

+e6Φc123Fγ
ϵFδϵFεµF

εµ∇αF βγ∇βFα
δ + e6Φc128FαδFγ

εFϵ
µFεµ∇αF βγ∇βF

δϵ

+e6Φc274Fα
εFγ

µFδεFϵµ∇αF βγ∇δFβ
ϵ + e6Φc275Fα

εFγεFδ
µFϵµ∇αF βγ∇δFβ

ϵ

+e6Φc276FαδFγ
εFϵ

µFεµ∇αF βγ∇δFβ
ϵ + e6Φc277FαδFγϵFεµF

εµ∇αF βγ∇δFβ
ϵ

+e6Φc300FαϵFβδFγ
µFεµ∇αF βγ∇δF ϵε + e6Φc301FαδFβϵFγ

µFεµ∇αF βγ∇δF ϵε

+e6Φc302FαβFγ
µFδϵFεµ∇αF βγ∇δF ϵε + e6Φc303FαβFγϵFδ

µFεµ∇αF βγ∇δF ϵε,

where the coupling constants c1, . . . , c377 are determined in this work through dimensional
reduction of 11-dimensional gravity at order ℓ6p.
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