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Abstract

The circle compactification of M-theory is dual to type ITA string theory, requiring that
the dimensional reduction of the M-theory couplings (tgts — %6868)R4 must reproduce the
type IIA one-loop effective action at order o/, including contributions from the metric,
dilaton, and RR one-form. Through compactification, we obtain 1,276 couplings involving
Riemann, Ricci, and Ricci scalar tensors, along with first and second derivatives of the
dilaton and RR one-form. By employing field redefinitions, we reduce these to a basis
of 359 independent couplings. Crucially, we observe that the dilaton cannot be entirely
removed from the couplings via field redefinitions, even in the pure metric-dilaton sector.
We validate our results by showing exact agreement between all four-field couplings and
the corresponding string-theory S-matrix elements in the string frame.

Further, upon compactifying on K3, we demonstrate that the resulting six-dimensional
o/ couplings at one-loop level transform under S-duality into the tree-level o’ couplings of
heterotic string theory on 7*. This match necessitates carefully chosen field redefinitions
for both the type ITA (on K3) and heterotic (on T*) sectors, providing a stringent test of
the duality.
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1 Introduction

It is well known that all ten-dimensional superstring theories are related to M-theory, the unique
quantum theory of gravity in eleven dimensions [1]. In particular, M-theory compactified on a
circle is equivalent to type ITA string theory. This correspondence is reflected in their low-energy
effective actions: the dimensional reduction of eleven-dimensional supergravity on a circle yields
type ITA supergravity [2]. The first corrections to eleven-dimensional supergravity arise at the
eight-derivative order. Upon circular reduction, the full eight-derivative couplings in M-theory
should reproduce all one-loop corrections in type ITA theory. While the pure gravity sector of
these corrections is known to take the form (tsts — fe11€11)R* [3, 4, 5], the couplings involving
the 3-form field have only been determined at the four-field level—either through superparticle
scattering methods [6] or supersymmetry constraints [7, 8, 9, 10]. Partial results are known
beyond the four-field level [11, 12, 13]. Additionally, supersymmetry requires the inclusion of
the Chern-Simons coupling tge;; AR in M-theory [5, 14]. In this paper, we focus on deriving the
one-loop couplings in type ITA theory that correspond to the pure gravity sector of M-theory.

The circular reduction of the eleven-dimensional metric yields the metric, dilaton, and
RR one-form in type ITA theory. Consequently, reducing the eleven-dimensional pure gravity
couplings at the eight-derivative order should generate all one-loop couplings in type ITA theory
involving the metric, dilaton, and RR one-form—also at the eight-derivative order in the string
frame. These couplings span multiple field interactions, ranging from four-field up to eight-
field terms. Recently, some four-field couplings involving the RR one-form were derived in
[15, 16], where their consistency with the corresponding type IIA S-matrix elements [17] was
also examined.

The circular reduction generates 1,276 couplings in type ITA theory. However, these are not
all independent, as many are related through field redefinitions [18], total derivative terms, and
Bianchi identities. To streamline the analysis, we express them in terms of a minimal basis
of metric-dilaton-RR couplings. We find that this minimal basis consists of 377 independent
couplings, which we present in a specific scheme. When reconstructing the original 1,276
couplings from this basis, we identify 359 non-zero couplings. Notably, many of these involve the
dilaton—even in the gravity-dilaton sector. We attempted to reformulate these 359 couplings in
alternative schemes where the dilaton dependence might vanish, analogous to the tree-level NS-
NS couplings [19]. However, no such scheme exists: the dilaton persists in all cases, including
the gravity-dilaton sector.

It is well known that, up to an overall factor, the sphere-level S-matrix element for four
massless fields in type II superstring theory matches the torus-level S-matrix element. Both
consist solely of contact terms, which correspond to field-theory couplings in momentum space.
The sphere-level coupling for four NS-NS fields, derived in [20, 21], takes the form tgtg R?, where
R is the linearized generalized Riemann curvature. While this coupling contains a dilaton
dependence in the Einstein frame, the dilaton vanishes in the string-frame expression of R [22].
This aligns with the observation that there exists a scheme where all tree-level NS-NS couplings
at the eight-derivative order in the string frame are dilaton-free [19], except for the overall factor
e~2®. Consequently, we expect the one-loop four-field couplings in the string frame to also lack



dilaton terms when the RR one-form is zero. In this paper, we demonstrate that although the
metric-dilaton couplings we derive are non-zero, their 4-point S-matrix elements vanish.

Several four-field couplings at the eight-derivative order involving RR fields in both type ITA
and IIB theories were previously established in [23, 24, 25] by requiring consistency of the tgtg R*
coupling with S- and T-duality transformations. Notably, [25] demonstrated the existence of
multiple non-zero dilaton-RR couplings in the string frame. When the overall normalization
factor is properly fixed, these couplings should naturally appear in the one-loop effective action.
Our present work confirms this expectation: the one-loop couplings we have derived precisely
reproduce these previously identified dilaton-RR couplings.

It is well established that compactifying type ITA string theory on a K3 surface is equiv-
alent to compactifying heterotic string theory on a four-torus 7% [26, 2]. This equivalence
manifests in their low-energy effective actions, where six-dimensional type ITA supergravity
becomes identical to six-dimensional heterotic supergravity [27]. The field transformations re-
lating these theories invert the sign of the dilaton, implementing an S-duality transformation
that forms a Z, symmetry group. Since the coupling constant inverts under S-duality, we can
only directly compare effective action terms at derivative orders that receive no higher-loop cor-
rections [28]. The leading-order two-derivative terms, being tree-level exact, transform cleanly
under S-duality: the supergravity description at weak coupling in one theory maps to the
strong-coupling regime of the other. The eight-derivative couplings in M-theory are quantum-
exact, which implies their type ITA counterparts - including both the one-loop eight-derivative
terms and their K3-reduced four-derivative versions in six dimensions - must similarly be exact.
Conversely, the heterotic theory contains four-derivative dilaton-gravity couplings of the form
e 2 R,,asR"P [18], along with their 7% compactification counterparts. In [29, 30], it was
shown that these couplings do not receive loop corrections and are therefore exact. These exact
terms in both theories should map to each other under S-duality [8]. We demonstrate that
with appropriate field redefinitions in both six-dimensional theories, these couplings do indeed
transform into one another.

This paper is organized as follows: Section 2 reviews the circular reduction of the bosonic
sector of 11-dimensional supergravity to obtain type ITA supergravity. Section 3 examines the
reduction of M-theory’s eight-derivative gravity couplings, beginning with a field redefinition
of the (tsts — %ellell)R‘l coupling into six Riemann curvature contractions, whose circular re-
duction yields 1,276 couplings involving Riemann, Ricci, and scalar curvatures along with first
and second derivatives of the dilaton and RR one-form. Subsection 3.1 organizes these into a
minimal basis of 377 eight-derivative gravity-dilaton-RR couplings, of which 359 are non-zero,
while Subsection 3.2 demonstrates exact agreement between our four-field couplings and known
string-frame results [24, 25]. Section 4 explores K3 compactification and S-duality: Subsection
4.1 analyzes the reduction of type IIA supergravity (focusing on the gravity-dilaton-RR sec-
tor) and its S-dual correspondence with heterotic theory on T%. Subsection 4.2 demonstrates
how eight-derivative terms in ITA reduce to four-derivative couplings that transform under S-
duality into heterotic tree-level terms. A key distinction arises between derivative orders: while
two-derivative S-duality holds without field redefinitions, the four-derivative (loop-level) case
necessitates field redefinitions in both the six-dimensional theory. Section 5 summarizes our



results, and the Appendix derives a minimal basis for eight-derivative couplings in a specific
scheme.

2 Two-derivative order reduction

In this section, we establish our conventions by reviewing the derivation of the bosonic cou-
plings in 10-dimensional type ITA supergravity via the circular reduction of 11-dimensional
supergravity [2]. The bosonic sector of the 11-dimensional theory consists of the following
couplings:
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where k2, = %(27151,)9. The dimensional reduction of the 11-dimensional supergravity couplings

on a circle of radius Ry; = gz/ 3€p proceeds via the standard Kaluza-Klein (KK) ansatz for the
metric:
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Here, G" denotes the inverse of the 10-dimensional metric, which raises the index of the
Ramond-Ramond (RR) vector field C,,. The three-form field reduces as follows:

A/u/a = C/u/a ) A;u/y = B/u/ . (3)

Here, C® denotes the RR three-form potential and B represents the NS-NS two-form field of
type IIA superstring theory. Using these reduction rules, one can derive the 10-dimensional
counterparts of various 11-dimensional couplings. For instance, the dimensional reduction of
the overall factor /—g¢ and the scalar curvature in Sq yields:
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where F,, = 0,C, — 0,C,, is the field strength of the RR one-form potential. Up to a total

derivative term, this yields the standard dimensional reduction, i.e.,
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The dimensional reduction of the terms in the action Sg involving the three-form field strength
proceeds as follows:
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Here, the RR four-form field strength F' @ g given by F waB = Fuvap + HywaCg), where anti-
symmetrization is implicit in the indices. Note that a factor of e® can be absorbed into the RR
fields, leaving the overall dilaton prefactor e 2®. This confirms that the reduction of Sq yields
the sphere-level effective action of type ITA superstring theory.

Using the standard relations between the compactification radius, string coupling, and string
length — Ry; = gV and l, = g;/ ’V/a/ — the dimensional reduction of 11-dimensional
supergravity (1) yields the conventional type ITA supergravity action, which takes the form [2]:
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Here, the 10-dimensional gravitational coupling is given by r3, = r?¢? = (27(,)%¢2, where
¢, = v/a' defines the string length. Note that the dilaton ® is expressed as a fluctuation,
excluding its constant background value. The sphere-level effective action of type ITA super-
gravity receives stringy corrections at O(a’®) and higher, originating from non-zero KK modes
in the compactification of 11-dimensional supergravity [31]. Furthermore, the dimensional re-
duction of higher-derivative corrections in 11-dimensional supergravity (1) generates loop-level
higher-derivative couplings in type ITA theory, which are the primary focus of this work.

3 Eight-derivative order reduction

The first non-trivial higher-derivative correction to 11-dimensional supergravity appears at
eight-derivative order (corresponding to O(£])). While the complete structure of bosonic cou-
plings at this order remains unknown, the purely gravitational sector has been determined and
takes the form (see e.g., [32]):
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where the ellipsis denotes additional couplings involving the 3-form field Ag., which are not of
interest here. The tensor tg is defined as [20]:
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and €17 denotes the Levi-Civita tensor in eleven dimensions. Using these tensors, the action can
be expressed through 27 distinct couplings involving combinations of the Riemann tensor, Ricci
tensor, and Ricci scalar. However, through appropriate field redefinitions, all terms involving
the Ricci tensor or Ricci scalar can be eliminated, leaving only eight terms constructed purely



from the Riemann curvature. After this simplification, one obtains:

2 ) 1
S6 = p/dllm\/__g[ZRabdeRabCchdghRfegh_RabdeRabCchgthfgeh

K2, 233

1 1
+1_6RabdeRabCfRCfghRdegh + 5RadceRabcfRbgthdgeh
1
_RabcdRabCfRfeghRdgeh + ERabchabCfRdeghRdegh ) (10)
where we have employed the cyclic symmetry of the Riemann tensor to express the original
eight curvature terms in terms of six independent structures.
Applying the dimensional reduction scheme outlined in (2), we obtain the following couplings
in the string frame of type ITA theory:
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The absence of an overall dilaton factor indicates that the reduced action Sg corresponds to
the torus-level effective action of type IIA theory. The ellipsis in the equation represents 1270
couplings involving Riemann, Ricci, and Ricci scalar curvatures along with first and second
derivatives of the dilaton and RR one-form. Unlike the 11-dimensional case, 10-dimensional
field redefinitions eliminating Ricci terms, V,F*, and V,V#® are insufficient to minimize the
couplings - even after removing these structures, 877 couplings remain, with additional field
redefinitions possible. As shown in the Appendix, the minimal basis for eight-derivative dilaton-
gravity-RR one-form couplings contains only 377 independent terms, implying the complete
expression must be expressible in terms of at least this fundamental set, which we will construct
in the following subsection.

3.1 Eight-derivative couplings in a 10D minimal basis

The couplings in (11) represent one-loop effective interactions in a specific scheme. While
these can be transformed into alternative schemes through field redefinitions and integration
by parts, constructing a representation with the minimal number of couplings presents a non-
trivial challenge. Although we cannot determine the absolute minimum number of independent
couplings, in this section we express them using a minimal basis of 377 eight-derivative dilaton-
gravity-RR one-form interactions. As detailed in Appendix, this minimal basis admits multiple
equivalent representations. Here we demonstrate that the couplings (11) can be expanded in
this basis with 359 non-zero coefficients and 18 vanishing coefficients. The specific values of
these coefficients depend on the chosen scheme for the minimal basis. A particularly interesting
(but computationally intensive) problem would be to identify a scheme that maximizes the
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number of zero coefficients when matching the 10-dimensional couplings (11). In this work, we
determine the coefficients using the specific scheme selected in Appendix (see (47)), obtained
by equating (11) with our minimal basis while accounting for field redefinitions, integration by
parts and Bianchi identities. That is

2 96
S ~ —2Th / 4z —GL . (12)

k2233

Here, Sg represents the dimensionally reduced action from (11), while £ denotes the specific
minimal basis of 377 couplings identified in Appendix (see (47)). The ~ relation signifies
equality modulo:

e Field redefinitions
e Total derivative terms
e Bianchi identities

The computational procedure mirrors our Appendix calculation for determining the minimal
basis. From this matching, we uniquely fix all 377 coupling constants in (47) to the following
values:

c1 = 2341/4608, co = —209747/921600, c3 = —1027/7200, ¢4 = —880957 /1843200,

cs = 4625129/29491200, ¢ = —66793 /28800, c; = —817/960, cs = 385121/230400,

cog = —3433/46080, c19 = 194693 /368640, ¢1; = 24653/19200, ¢ = —979/1600,

c13 = 4307/3840, ¢4 = 2979/1600, ¢15 = —43241/9600, ¢16 = 3351/3200, ¢17 = —1151/800,
C1s = —30283 /4800, c19 = 4, cap = —T167/3200, c21 = —7/2, ca0 = —3/2, cog = 1/2,

coq = 89527/115200, co5 = 9721/115200, o6 = 1, coy = 1027/640, cog = —3849/3200,

co9 = —H873/3840, c30 = —75041/38400, c31 = 17/128, ¢35 = 16717/20480, ¢33 = 3,

c34 = 1/2, ¢35 = T167/6400, c36 = —13/2,c37 = —3/4,c38 = —3/8, 39 = 0,40 = —1,

e = —1, i = 1/32, ey = 1119/6400, ey = 1693 /3840, 45 = —4451 /12800,

Ci6 = —6AT /3200, cay = —4193 /7680, cas = —3/2, cag = 11/4, 50 = 11/2, c51 = —7/8,

Cso = 3/2,C53 = —5/4, c50 = 1/16, 55 = 1/4, 5 = 0, c57 = 3391 /11520,

css = —173339/115200, c59 = 3449/800, cgo = —5/2, cg1 = 73027/115200,

ce2 = 43031/57600, cg3 = —267211/115200, cg4 = —29399 /230400, cg5 = 246391/921600,
ce6 = —6197/3200, cgy = 1559/9600, ces = 2159/9600, cgo = —8857/12800, 7o = 3/4,
= —1/4, cra = 5/4, ¢y = 14741 /800, 74 = 19219/1600, ¢r5 = 41 /4, crg = —6767/600,
Crr = 6767/1200, crg = —5497 /400, crg = —1217/400, cgp = 14781/3200, cgy = —57/16,

cga = —45/8, cg3 = —186973 /28800, cs4 = 144301/115200, cg5 = 58361 /7680,

cg6 = —1711343/921600, cg; = —16457/1600, cgs = 23339/1600, cgg = —2259/1600,

Coo = 12251/800, c1 = 181/128, cgp = —5167/400, co3 = 5, cos = 3567 /400, co5 = 3, cos = 2,
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Cor = 6367200, cos = 14377/1600, cgo = —681/128, c100 = —1, c1o1 = 1, crop = —145/64,
Cros = —54T1 /640, 104 = —973/1600, c105 = —5667 /400, 106 = 3/2, cro7 = 6367 /400,

Cros = —6167/3200, 100 = 4367 /400, 110 = —3/4, c111 = 1, 110 = —6367,/200,

Crig = 141/100, 114 = —2761/800, ¢115 = —131/10, c116 = 9/2, ¢ = 8/5,

c118 = —125353/230400, ¢119 = 293867/1843200, 190 = —22253/19200, ¢197 = 5/16,

C190 = 37/1152, ¢193 = 21661 /57600, c104 = —5213/9600, 195 = —3827/1920, ¢126 = 1,
c1o7 = 1129/800, ¢195 = —10889/14400, 109 = —849/3200, ¢330 = 1049/400,

Crat = —2879/800, 130 = 2929/800, a5 = —7/2, c191 = —11/16, c1g5 = —3587/1920,

Cras = 89/40, crgr = 2, cras — 2081/800, cra0 = —13/8, 140 = —1/5, cra1 = —357/200,

cia2 =0, a3 = —1/4, craa = —5/16, cr45 = —3/4, cra6 = —1/2, c1a7 = =5, c148 = 0,

cla9 = 3,150 = 1, c151 = 0,150 = 3/2, 153 = 3/4, 154 = 0, c155 = 1/4, 156 = 0, c157 = 0,
Crss = —14331 /6400, crg0 = —26579/800, 150 = 5647 /160, 161 — —1501 /60,

c162 = 7041/100, ¢163 = —563/60, c164 = —2927/200, c165 = 125/4, c166 = 2127/200,

Crsr = —61/2, 168 = 85/2, 10 = 6927/100, 170 = 2271 /80, c171 = —1543/80, crrg = 0,
Crrg = —TT/4, crra = —1531/80, crzs = —1255/64, c1zg = 319/15, crrr = —3727/200,

Crs = —49/8, 170 = 6927 /200, crs0 = —4527/1600, crs1 = 2427/200, 153 = 61/8, crgs = 2,
c184 = —6927/100, c185 = —552/5, c186 = 0, c187 = 65, c188 = 4/5, c189 = —727/16,

c190 = —52291/3200, ¢191 = 467/20, 199 = —3/10, 193 = —1/5, 194 = 342/5,

cro5 = —1/16, cr96 = 3/8, c197 = 4, c108 = —1/4, c199 = —39/5, 200 = 553 /200,

c201 = —13/5, ca0 = 0, c203 = —27/16, c204 = —31/4, co05 = —5/2, c206 = —1779/25,

Co07 = —26781 /800, coos = 161/4, cong = 173/8, ca10 = —4559/100, co1; = —147/2,

Co12 = 129/2, co13 = —29, ca14 = —2599/50, 915 = 353/40, c916 = —23/2,

co17 = —811/50, ca15 = 294/5, ca19 = —979/50, ca99 = —17383/200, c92; = —107,

Co90 = 157/2, co93 = 8/5, ca94 = 53/10, ca95 = —392/5, ca96 = —499/100, c907 = 499/100,
Ca98 = 557/100, ca99 = —657/400, co30 = 1573/800, ca31 = 5/2, cazo = —5/2,

Coz3 = —121/5, co34 = —8/5, Cazs = 8/5, caze = —1/2, cagr = 13/4, cazs = 4/5, ca39 = 133/5,
cas0 = —197/80, ca41 = 2953/400, coge = —512/5, co43 = 106, coag = 168/5, co45 = —38,
Coag = 19, Cogr = 84/5, cogs = —342/5, cag9 = —128/5, ca50 = 5/4, ca51 = 63/20, ca50 = 15/4,
Cos3 = 5/4, co54 = 0, Cos5 = —5/2, cas6 = T1/40, co57 = —261/200, co58 = 252/5,

Cos9 = —41/100, cag0 = 39/160, cog1 = —8/5, cago = —32/5, cag3 = 4/5, co64 = 16,

o265 = 1071/200, cop6 = —10, cog7 = 807 /20, cops = 617/10, cag9 = —103/5, carg = —7,

cor1 = 13, corg = —316/5, car3 = —264/5, co74 = 15029/14400, co75 = —6749/14400,

car6 = 3389/9600, corr = —1177/2304, corg = 967/3840, ca79 = —1667/960, cagg = 2387 /960,
g1 = —389/320, cogo = 1/4, cog3 = —3/2, cags = —3827/960, cogs = 5/2, cogs = 17/32,
Cog7r = 3587/1920, cogs = —5/4, cagg = 1/4, ca90 = —119/40, ca91 = 3, c292 = 0,



Co93 = —11/10, ca94 = —57/20, ca95 = 5, Ca96 = —31, ca97 = —9/10, ca9s = 1/4, ca99 = —4,

e300 = 1403/1600, c391 = 6449/28800, c300 = —5769/3200, c303 = 343/128, 304 = —1327/1920,
305 = 1427/1920, c306 = 1427/1920, c307 = —11/16, c308 = 2987/960, c309 = —3827/960,

c310 = —3, c311 = 3347/1920, c310 = —5/2, c313 = —1/3, c314 = 2827/960, c315 = 3667/960,

316 = 6, 317 = —8, c318 = —67/40, c319 = 2, €300 = —3, €301 = —5/4, e300 = —283/5,

C393 = —1/128, c394 = —41/40, c305 = —13/40, c306 = 235/4, 307 = 85, ¢308 = 112/5,

C329 = —2168/5, c330 = —3844/5, c331 = —502, ¢330 = —4, c333 = 4/15, c334 = 0, c335 = —32,
336 = —333/400, c337 = 0, c338 = 84, ¢330 = —368/5, c340 = 102, c341 = —112/5, c340 = 0,

C343 = 6, Cau4 = 2, C345 = 11/20, c346 = —2, C347 = 2, Caug = 2, €349 = —10, €350 = 5, €351 = —1,
Cyso = 4, C353 = —2,C354 = 0, C355 = —3/2, c356 = T/4, 357 = 6,358 = —7/2,c350 = —5/4,

360 = —5/2,c361 = —5/2, 362 = 5/4, 33 = 7/2, c364 = —3/4, c365 = 7, 366 = —9/2,

Car = 4, C368 = 2, C360 = —9/2, ¢370 = —1/2, c371 = 639/200, c370 = —4/5, c373 = —3,

c3ra =4, c375 = 1/16, c376 = 3/32,c377 = 0 (13)

The minimal basis consists of 359 non-zero coupling constants and 18 vanishing couplings.
Notably, the coefficient of coupling (46) (containing the Ricci tensor) vanishes. Additionally,
the structures [F3F'R®'],, [FF'R®"®'],, [FF'®"*®']; and [FF3®']; have zero coefficients.

The Lagrangian (47), with the coupling constants set to the values above, represents our
final result for the one-loop effective action of type IIA theory at the eight-derivative order in
the metric-dilaton-RR one-form sector. Moreover, additional derivative one-loop corrections
appear at higher orders in /,, stemming from non-zero KK modes in the compactification of
the 11-dimensional couplings (11). While these higher-order effects lie beyond the scope of our
current analysis, they warrant further investigation in future work.

Our findings uncover a rich structure of non-trivial dilaton couplings. A particularly note-
worthy example is the non-zero four-dilaton coupling in the string frame, which assumes the
explicit form:
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Expanding the covariant derivatives generates four-field couplings along with five-field and
higher-order interactions. Our analysis reveals vanishing S-matrix elements for all four-field
couplings, including specific cases in the structures [R*®"];, [R?*®"?]; and [R®"?]3 which is
consistent with the observations in [6]. This null result is expected since one-loop four-field
amplitudes are proportional to their classical-level counterparts, and no dilaton couplings exist
at eight-derivative order in the string frame at classical level in the NS-NS sector in a spe-
cific scheme [19]. Notably, the non-zero four-dilaton and two-dilaton-two-graviton S-matrix
elements in the Einstein frame emerge from transforming the [R%]¢ coupling to this frame,
demonstrating the frame-dependence of these interactions while maintaining consistency with
expected amplitudes.



The classical couplings involving two gravitons and two RR one-form fields were previously
derived in [24] through the application of S- and T-duality transformations to the four general-
ized Riemann curvature couplings. At the one-loop level, the corresponding couplings maintain
proportionality to these classical terms, specifically taking the form:
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+2R3" RV F,Y O Foy + R P RTPO,Fop0, Fyy + R R 00 IO, F,
F2R R, 50, Fo O F (15)

1 1
SthC = /dwaj V-G [ZRuupamea’yFaﬁavFaﬁ + §anaﬁRmWavFaﬁavFuu

where R,,,.p represents the linearized Riemann curvature and the graviton field is expressed as
G = N + hyu. We have fixed the overall coefficient of these couplings to ensure consistency
with the one-loop coupling [R?F"?];3 derived in this work. Specifically, the one-loop coupling
we have found includes:

2 m2(8
SR2F/2 — ——2

553 / dz/—G[R*F"?),3, (16)

where the coupling [R?F"?];3 is defined in equation (52), incorporating the solution from (13).
This yields:

5 3
[R2F%hs = =3¢ By Reus Vo " VOF + 26 Reyio R 5,V o OV P

1 5
—Z62‘1’RW}z%(;vaF‘*vaFﬂ7 + 1—662¢R5€E"R5H56VQF57V,3FM

7
+e®® R " R_,5.V* FPVF," — §e2¢355a“vaaFﬁvvﬁF&

3 5
=€ Ras" Ry VO PV F + 5™ B! Res VPV Fiyf

5
—ZeQ‘DREW;RE“QGV“Fﬁ”V‘SFBG — 3e*® Rt oy Rep5: VO PV 2

)
_§€2¢RaM65R5uﬁwvaF67V6F66 + 6€2¢Rﬁ6auRau’yavaFﬁvv6F68
—8e®® Rg" 4o Reyprys VOV (17)

We find that the four-field truncation of these couplings reproduces precisely the same S-matrix
elements as those derived from (15).

For the sphere-level amplitudes, reference [25] established the string-frame couplings involv-
ing two RR one-forms, one graviton, and one dilaton. The corresponding one-loop corrections
take the form:

2 w28

Shecc 293

/ dlox\/—G[ — 8RR 0° 0°®0, F*" O F," + 24Rg,,,,0°0* O, F* 0" F,
~8 R 0P 0PI, F, 0" F™ + 8Rp,,,,0°0° 0" F, 0" F.'|, (18)
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where we have adopted the same normalization factor as in (15) for consistency. In contrast,
the one-loop couplings derived in our work exhibit the following coupling:
2 28
k2233

SRF/2 (ol

/ A/ ~G[RF"?®")g, (19)

where the coupling [RF"?®"]g is defined in equation (51), incorporating the solution from (13).
This results in:

[RF?®")y = —10€** Reca, VEFPV3FP*V5VED + 36* R5. Vo VOV PV g
1562 Recos VOV VEOVO Ff + 26** Ro s VOV 3V , OV F
+26*? R 5, VO FPIV FEV Vo ® — 26** R0 VO FPIV F€V V5@
—3e*® R, 5. VO FPIV 3 F,’VVED + 46* R5eo. VOFPIV 3 FOVVED.  (20)

Our analysis reveals that the four-field truncation of these couplings reproduces the identical
S-matrix elements as those derived from equation (18).

For the sphere-level interactions, previous work [25] has established the string-frame cou-
plings involving two RR one-form fields and two dilatons. The corresponding one-loop correc-
tions take the following form:

2 w28

Sevcc = ~ 23

/ dl%\/—G[869877@0”8,7@8”&“0”%“—239@,,c1>39@”<1)ayFwa”Fw (21)

In contrast, the one-loop couplings derived in this work exhibit the following distinctive features:

2 w28
2

SRF’2<I>” —
K2 23.3

/ /G0 (22)
where the coupling [F"?®"?]4 is defined in equation (77), incorporating the solution from (13).
This yields:

[0 = 26**V  FOV*FIV;V 0V V., 0 + 22V IV 3V, OV V.V, @
+562PV  FP VO FPIV VOV Vsd — **VFAVF, VYV, VOV, V0

3
—2e**VO IV VOV FV V5P — 562©VQF67V5FQWV5V€CI)V€V§(D. (23)

We demonstrate that the four-field truncation of these couplings reproduces precisely the same
S-matrix elements as those derived from equation (21).

Given the non-vanishing S-matrix elements involving the RR one-form and dilaton in the
string frame, it is fundamentally impossible to express the couplings in a scheme that eliminates
dilaton derivatives. Our systematic investigation, following the approach of [19], confirms
that the 359 non-zero couplings can not be reformulated in a scheme that removes either: (i)
all dilaton couplings or (ii) all gravity-dilaton interactions. This obstruction persists despite
exhaustive attempts to find such representations.
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4 Reduction on K3 and S-duality in 6D

Type ITA string theory compactified on a K3 surface is known to be S-dual to heterotic string
theory on T* [2], with the dilatons transforming as ® — —®; aside from 80 additional scalar
moduli fields that we disregard, this duality requires the gauge fields to map between theories,
with 24 gauge fields appearing in each case: for type ITA these consist of (1) the RR one-form,
(2) twenty-two gauge fields from K3 harmonic expansion of the RR three-form, and (3) one
gauge field from Hodge dualization of the RR four-form, while the heterotic theory has (1)
four metric-derived gauge fields from 7% reduction, (2) sixteen from the Cartan subalgebra of
SO(32) or Eg x Eg, and (3) four from B-field reduction on 7% - though we focus specifically on
how the RR one-form in type ITA transforms into one particular metric-derived gauge field in
heterotic theory under this S-duality.

4.1 S-duality at lowest order in derivatives

To establish our conventions, we first study the S-duality transformation at the two-derivative
level. Working in the ansatz where the dilaton and RR one-form are K3-independent and the
metric takes the block-diagonal form

ds? = Gy (x)da"dz” + ga(y)dy“dy’, (24)

with y* denoting K3 coordinates, the dimensional reduction of the leading two-derivative action
(7) in the metric-dilaton-RR sector yields

2V
T2

Ko

1
SO — d°zv/—Ge2® [R + 4V, VI P — Zez‘i’FWF“” 7 (25)

where V = [}, d'y,/g is the K3 volume.

In contrast, the leading-order ten-dimensional effective action of heterotic string theory for
the metric G’ and dilaton @’ matches the corresponding terms in the type IIA action (7).
Under the assumption that the dilaton is independent of the T# coordinates and decomposing
T* = S x T?, the metric takes the form:

ds® = Gy (x)da dz™ + gl;(2)dz"d7, (26)

where 2* are the coordinates of T2, ™ denotes both the circle coordinate of SV and the six-
dimensional spacetime coordinates. Performing the KK reduction on the seven-dimensional
metric using the ansatz:

: (G;w +R2ClC, O, ) 7 (27)

=T e T A

where R; represents the radius of the circle coordinate y, while indices u,v label the six-
dimensional spacetime directions orthogonal to y. The dimensional reduction then yields the
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following effective action in six dimensions ( see e.g., [33]):

2V , 1
s = / Ao/ —Gle2® {R’+4VM<I>’V“<I>’—ZF/;VF’“V , (28)
K1o

where the ten-dimensional gravitational coupling is given by xff) = L(27¢,)%¢”?, with ¢, being

the heterotic string length scale, and V' = [ Ridy [, d*z\/g" represents the T volume
(where R; is the radius of the SV factor and z° are the T° coordinates). In above action, the
prime notation on the fields indicates that they belong to the heterotic theory.

The S-duality transformation identifies (i) the NS5-brane wrapped on K3 with the heterotic
string, and (ii) the type ITA string with the NS5-brane wrapped on T in the heterotic theory
[2]. Matching their tensions yields two key relations. First, the six-dimensional string couplings
are related as geyr = ggu, Where g2, = ¢2/[V/(2nls)*] and g2, = ¢2/[V'/(2nl.)"] define the
respective couplings. Second, the six-dimensional gravitational coupling remains invariant:

H%O/V = "‘5,120/‘/,' (29)
The six-dimensional field transformations

G, =e G ' =—0, C =0C,, (30)

e

then precisely map the tree-level heterotic action (28) to the type ITA tree-level action (25). The
S-duality transformation exchanges the KK vector in heterotic theory with the RR one-form
in type ITA theory, with these mappings satisfying the discrete group Zs,.

4.2 S-duality at four-derivative order

The K3 reduction of eight-derivative couplings via the ansatz (24) generates both eight-derivative
terms (which we disregard) and four-derivative couplings. Crucially, the non-flatness of K3 sur-
faces introduces non-vanishing curvature contributions. In particular, the integrated Riemann-
squared term yields a topological invariant [35]:

1
3272

/ d4y\/§RabcdR“de = 24. (31)
K3

This topological constraint plays a key role in producing four-derivative couplings when applied
to eight-derivative couplings involving the Riemann-squared term.

To determine the four-derivative couplings, we first restrict our analysis to the gravitational
sector for simplicity. Using our earlier results, the K3 reduction of the ten-dimensional one-loop
gravity couplings in (11) produces the following four-derivative term in six dimensions:

2 4mi(s 3
Spz = _LIm s /de\/—G[ERMVagRHVa’B]. (32)

k2 3
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In contrast, the 10-dimensional heterotic theory at tree-level contains four-derivative gravity-
dilaton couplings of the form [18]:

20 —
! — /dlox G/ —29/ R;J,ya R/,LLI/OLB‘ (33)

R2 /2
10 8

The dimensional reduction of this term on 7% yields the following six-dimensional gravity-
dilaton coupling:

2 12V /
B = —— / aV—=G'e R, R (34)
Iilo 8
The NS5-brane of heterotic theory, when wrapped on T, transforms under S-duality into the
fundamental string of type IIA theory. The equality of their tensions yields the relation
/

L (35)

(2ml;)0g 2ml3
Together with the S-duality transformation (30), this relation maps the action (34) to (32) for
a constant dilaton.

We now analyze the complete set of four-derivative couplings involving the gravitational
sector, dilaton, and RR one-form in six dimensions. This includes both the curvature-squared
term (32) and additional structures involving the dilaton and RR field strengths. Applying the
topological constraint (31) from K3 compactification, we derive the following one-loop effective
couplings in six dimensions:

Sep = _%47?56 / d%m[gRaﬁvéRaM + %&‘PFJF “PFs"Fys + 520516501 €' Fopg P Fys 0
—3e**FF Y Ro5,5 — 3** FP F° R g5 + 4333362% PV, 0V
- 1;’231 e F, F, VOOV D — ﬁv WOVIOV OV D — —va@vgv PV
—%vﬁv PVIVD + 125 YNV OV Fop — 1i(5)81@2‘1’Fa7F°‘ﬂV7V5<I>
+§62¢VgFa7V7Faﬁ . (36)

The above six-dimensional effective action is formulated in the specific minimal scheme devel-
oped in the Appendix.

As observed in [34], S-duality remains uncorrected at higher-derivative orders. To study the
action under S-duality, we must therefore extend it to the most general form—differing only
through six-dimensional field redefinitions, integration by parts, and applications of the Bianchi
identities. To construct this generalization, we first derive a maximal basis in six dimensions
that includes all independent terms up to total derivatives and Bianchi identities, following
the procedure established for the ten-dimensional theory in the Appendix (but excluding field
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redefinition terms). This basis consists of 19 couplings. By equating it with the couplings in
(36) modulo field redefinitions, total derivatives, and Bianchi identities, we ultimately obtain
the following action:

2 4Art(8 3
Sep = —— "l / d%\/—GbRawRaW+a1e4¢Fa7F05FﬂéFw+age4‘1’Fa5FQ5FwFV§

k2 3
9 1 2% B 1
—f-(—g — 2@1 + 2&19 — 5@3)6 Fa’yF Rﬁry + m(—65403 + 800(11 + 1800(110
+900a1; + 150a12 — 825a13 — 450a14 + 450a15 — 525a16 + 300a17 + 1200a19

1
+3200ay — 1200@3)6%}7’&5}7&6}% + — (=124 4ayp + 4a1; — 2a13 — a1a + ass

16
3 20001 2
—2&16 — 8@3)R2 + <_Z — a19)€2®Fa’8F76Raﬁ,y§ + CbgRagRaﬂ + (4—00 + 5661
3 5) 3 3 1 3 8 o
—gam + 1—6a13 + §a14 - an + 1—66L16 - Zaw — 3ayg + §a2)€2®F6~/Fﬁ’Yva¢)v P

+a10RV ,®V*® + a1, RV 3V o @ + a126** F, F3, V*OVP® + 43R,V OVA O
+a14V o, ®VOV3OVPD + 015 VOVV, OV D + a1V V, OV VD

1
+a1762‘1’F6'YV”<I>V7Fa5 + 4_1(_3 — 16661 + 2@12 + a3 — alﬁ)e%FaVFaﬁVVVg(I)

+a19e*®V Fog VI F? || (37)

where aq, as, as, - - - represent twelve arbitrary scheme parameters. The actions (37) and (36)
are physically equivalent, being related by allowed field redefinitions of the metric, dilaton and
RR one-form fields.

In contrast, dimensional reduction of the tree-level heterotic effective action (33) via the
compactification schemes (26) and (27) yields the following six-dimensional couplings:

2 L2V og o 5 o 3 o
Stp = “ / doavV=G'e ™ | R, ;R + SEF S Fls + SFLg P F
_F/O{BF/'Y(;R;@Y(S . F/aﬁFWéR/mm 4 VAYF(;ﬁvfyF/aB ) (38)

This six-dimensional heterotic action inherits its scheme dependence from the original ten-
dimensional action (33). To properly analyze its S-duality properties, we must generalize the
action to an arbitrary scheme through field redefinitions. The complete form of the action in a
general scheme is given by:

2 48 73
o= __2_”3 : / AoV =G | DR s B 4 b Y F o+ by B F0
1 1
+Z(2b11 + 2biz + bz — big) Ryg R + §<—9 — 16by — 2byy — 2b1y — byg + big

1
+16b19) F, F" "R}y + @(162 4 32by — 36byg — 12b19 — 6b13 + 9byy + 2b1g + Sbyy
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1 3
+8b1s — 32019 — 256bo) Fl s F'*P R + 1—6(41910 — b)) R? + (_Z — big) F*PF°R. 5 5 +

1
+E<162 + 32()1 — 12b12 - 9b14 - 3b15 + 2b16 + 8617 + 8b18 - 32b19 (39)

—256b2) Fj F 'V @'V + bigR'Vo @'V + b1 R VgV @ + b F) F) Vo'V
b3 R VOO VD 4+ b1y V@'V V30 VI 4 b1 VD'V V, 'V

+b16V Vo @' VIVOV + by PNV F g+ bis L FPV ., V5@ + blngF(;BVVF’O‘ﬁ] :

where by, bs, - - - represent twelve arbitrary scheme parameters, and we have incorporated the
relation (34). The action (39) is physically equivalent to (38), being related by allowed field
redefinitions of the metric, dilaton and KK vector fields.

Under the S-duality transformation (30), the action (37) maps precisely to (39) modulo
total derivative terms and Bianchi identity applications. This correspondence establishes the
following parameter relations between the two actions:

s = 654036400 — a1 /4 + (3a13)/64 + (3a14) /64 — (3a15)/128, az = —(20901/200) + ax
Fan /2 — (3a13) /4 — ara/2 + (3a15) /8 — arg /4, b = (4a1)/3, bio = 13734/25 — day
—(4a11)/3 + 4aiz + (8a14)/3 — 2a15 + (4ase) /3, b1y = 27268/25 + (8ai0)/3 + (20a11)/3
+(4a13)/3 + 2a14 — (2a15) /3 — 4aye, b1z = 6767/25 — (8ao)/3 — (4as1)/3 + (4a13)/3
4aiy)/3 — ars + (4asg) /3, b13 = —(13834/25) + 12a10 + (16a11)/3 — 6a13 — (13a14)/3

_|_

(
+(11a15)/3 — (14&16)/3, 614 = 27468/25 — (32&10)/3 — (16@11)/3 + (32(113)/3 + (20&14)/3
—(166L15)/3 + (16@16)/3, 615 = 26468/25 + (88&10)/3 + (64(111)/3 — (68@13)/3 — (34@14)/3
(
(

_|_

(34a15)/3 — 20a16, bis = 13634/5 + (20a10)/3 + (40a11)/3 + (10a13)/3 + 5ars — (5a15)/3
9%6a16) /3, brr = 130273/100 — (32a1)/3 + 4azo + 2an + (5a12)/3 + (9a13)/2 + (14a14) /3
11as)/6 — (1las)/6 + 2arr + (Saie)/3, b = 6742/25 — (16a1)/3 — (8a10)/3 — (4a11)/3

~(2a1)/3 + (5a13) /3 + (4a1a) /3 — ars + axs + (32a19) /3, bro = (4arg)/3, by = 21801 /1600

—a1/3+ a13/16 + a14/16 — a15/32. (40)

The parameter relations in (40) exhibit an important subtlety: the S-duality transformation
only produces exact equivalence between the generalized form of action (36) and the heterotic
action (39) because the minimal scheme (36) leads to two mutually incompatible parameter
constraints that cannot be simultaneously satisfied.

Since S-duality forms a Z, group, the S-duality transformation of the classical six-dimensional
heterotic action (39) also yields the one-loop six-dimensional type ITA effective action (37), up
to total derivative terms and applications of the Bianchi identities. Building on the known
S-duality symmetry between SO(32) heterotic and type I superstring theories [36], analogous
calculations were performed in [34] to derive the S-duality transformation of the classical ten-
dimensional heterotic theory at four-derivative order. This transformation generates the corre-
sponding disk-level and higher-genus couplings in the ten-dimensional type I theory.
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The above calculations confirm that the two actions (36) and (38) are indeed S-dual to each
other when appropriate field redefinitions are included. This provides a nontrivial verification
of S-duality between type IIA theory on K3 and heterotic theory on T

5 Conclusion

In this work, we systematically investigate the dimensional reduction of pure gravity cou-
plings at (9(62), deriving the corresponding one-loop corrections in type ITA theory. These
corrections are expressed in a minimal string-frame basis consisting of 359 non-zero couplings,
whose four-field interactions exactly match known results obtained from linear S- and T-duality
transformations of the standard tgtg R* couplings. Furthermore, by compactifying the type IIA
couplings on K3, we demonstrate that the resulting one-loop four-derivative terms transform
under S-duality into the tree-level R? couplings of heterotic theory on T%. This correspondence
requires appropriate field redefinitions in both six-dimensional theories. The same S-duality
relates the tree-level o/ couplings of the six-dimensional type ITA theory to the one-loop cou-
plings of the six-dimensional heterotic theory [8]. While the latter couplings vanish [29, 30], it
has been shown in [35, 34] that the NS-NS couplings in the former case also vanish.

The four-field M-theory couplings R2F'"? and F"* were derived in [6] using the superparticle
method. When reduced with vanishing B-field, dilaton, and RR one-form, these couplings yield
identical one-loop gravity-RR three-form couplings in type ITA theory. We have verified that
these four-field couplings match those obtained in [24] through S- and T-duality transformations
of the standard tstgR* coupling.

Acknowledgments: I would like to thank Linus Wulff for useful conversations.
Appendix: Minimal coupling basis

This appendix establishes the minimal basis of eight-derivative metric-dilaton-RR one-form
couplings by first generating all covariant, RR-gauge invariant terms with even RR field strength
counts and appropriate e® dilaton factors, yielding 18,462 candidate couplings through xAct
package [37] as

L= CllRﬁ&VRVe#C RéVMCFaBFCwemb + <41>

where ¢}, -+, Clg4so are some coupling constants. However, these terms are not independent
due to: (i) total derivative redundancies, (ii) field redefinition equivalences, and (iii) Bianchi
identity constraints, necessitating systematic reduction to a minimal set.

To systematically eliminate redundant terms arising from total derivatives and field redefi-
nition ambiguities in the Lagrangian £', we introduce the following compensating terms to the
action:

J =Va(I%),
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1 1
K = e®VyFPsC, — gemFagFo‘ﬁéG“u — (R — 562@1:"”1?57 +2VAVD)5G o
1
—2(R+ 4V V@ — AV, PV P) (00 — L 0G",). (42)

Here, the vector Z% encompasses all possible covariant and gauge-invariant seven-derivative
terms constructed from the metric, dilaton, and RR one-form fields. Our systematic classifica-
tion identifies 10,349 such independent vectors, with corresponding coefficients Jy, - - -, Jig349-
The field redefinition contributions arise from the following infinitesimal transformations of the
fundamental fields:

G — G, +00e%5G,,,
C, — C,+e%C,,
d — O+ (550, (43)

The perturbations are introduced into the leading-order action (7) while retaining only linear
terms, with integration by parts applied as shown in (42), where 0C,, contains odd powers
of the RR field strength while 0G,,, and d® contain even powers - specifically manifesting as
3,265 metric perturbations (coefficients e;), 1,621 RR-field perturbations g;, and 656 dilaton
perturbations f;. By augmenting £’ with these field redefinitions and total derivative terms, we
obtain an equivalent Lagrangian £ with transformed parameters ¢;, yielding the fundamental
relation:

A-J—-K = 0. (44)

The difference A = L—L' preserves the same functional form as £’ but with modified coefficients
dc; = ¢; — ¢, , representing the net effect of the field redefinitions and total derivative terms.

To systematically solve equation (44), we must first express it in terms of linearly indepen-
dent couplings by enforcing the relevant Bianchi identities:

Rafsys)
v[uRaﬁhé =
ViFag =
[V,V]O — RO =

(45)

o O O O

To implement the Bianchi identities while working in a non-gauge-invariant formulation, we
adopt a local inertial frame where covariant derivatives reduce to partial derivatives and first
metric derivatives vanish, while simultaneously expressing all occurrences of OF in (44) through
the fundamental relation F' = dC' - this combined approach automatically satisfies all Bianchi
identities for both the curvature tensor and RR field strength, as established in [38].

Through this systematic procedure, all terms on the left-hand side of (44) can be expressed
in terms of linearly independent (though non-gauge-invariant) couplings, whose vanishing co-
efficients yield algebraic equations with two distinct classes of solutions: (i) 377 relations in-
volving exclusively the dc¢; parameter variations, and (ii) additional equations mixing d¢; with
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total derivative and field redefinition coefficients (which we disregard). The invariant count of
377 relations in the first class determines the dimension of the physically meaningful coupling
space in £’, as this number remains unchanged under scheme transformations - while particular
schemes may nullify certain coefficients in £’ substituting these back into (44) preserves exactly
377 constraints among the dc; parameters.

To systematically eliminate redundant couplings while preserving the 377 fundamental rela-
tions between the dc¢; parameters, we impose a specific scheme choice by nullifying all coefficients
in £’ containing the following structures: R, V,F** V V0 V ,V, Fu35, V,V,V.®, V, R, 03,
R, Rag, Ruaplyn or FosR,, - crucially, this elimination preserves exactly 377 constraints
among the remaining dc; variations, demonstrating that these terms represent non-essential
redundancies in the effective action.

We next eliminate all couplings in £' containing R,, by setting their coefficients to zero.
Solving (44) under this constraint yields 376 relations among the d¢; parameters, demonstrating
that at least one independent coupling must contain Ricci curvature terms. To identify this
essential coupling, we implemented a binary search strategy: we divided the Ricci-containing
terms into subsets, nullified one subset’s coefficients, and verified whether (44) generated 377
relations among the remaining d¢;’s. If not, we retained the complementary subset. Through
iterative application of this method, we uniquely determined the independent coupling:

[R*R"), = cssR°R™ sV oV, Rs, . (46)

While numerous coefficient choices satisfy the 377 relations dc; = 0, our selected scheme
organizes these couplings into 52 distinct structures. These fundamental structures form the
basis and are explicitly listed below:

L = [R4]7 + [F/4]5 + [R(D/QF/Q]H + [RFIZCI)//]Q + [R2F12]13 + [F2R3]16 + [R3(I)//]3 + [R3(I)/2]5
+[F2R(I)//(I)/2]8 4 [RZq)//Q]s + [RQ(I)”(I)/QL; T [R2(I)l4]3 + [F3F/q)/3]9 4 [F4R2]20 + [FZRz(I)//]M
[F2R2q>/2]19 4 [F4R(I)/2]12 4 [FQRF/2]33 T [FGR]7 4 [FGCIDH]4 T [F6(I)/2]1 4 [FRQF/(I)/]Q
[FRQF/(I)/hB + [F4CI>/4]5 + [F2RCI)/4]4 + [FRq)/?)F/]lO + [F4RCI)”]9 + [F2q)/6]2 + [F4¢)//2]8
+[F?RO"™]g + [FPF?®")y; + [FPRY' F'|, 4+ [FRY"®' F']y + [F*®" 0", 4 [F* 07 F?)1;
[
[
[

+ FF/(I)/(D/Q]l + [FF/(I)/3(I)//]5 + [R(I)/Zq)//2]2 + [(I)/4F/2]4 + [(I)//4]2 + [FF/(I)/5]2 + [F2<I>l4q)”]2
+ R(I)”3]1 + [RCI)/4(I)”]1 4 [F/2(I)//2]6 + [}712(1)/2(1)//]4 4 [FF/?)cI)/]l + [(I)/4<D//2]2 + [CI)/6(I)”]1
+[F8)5 + [F*F"y + [R*R"]; . (47)

The notation [X],, denotes that structure X admits n distinct contractions, each with an inde-
pendent coupling constant. A prime symbol indicates covariant differentiation of the associated
field. Among these structures, the coupling [R*R"]; is explicitly given in (46), while all others
are the following:

[R4]7 - C23RQBW5R’Y€CMER§#BVREV€}L + CSQRQEEHRaﬂ’YéRyVﬂsR,uWSe + C40Ra67€RaﬂfyéRﬂeﬂyRuu65
+cq1 Ra'y,BeRaﬁﬂ/éRéguuR,uues + C42Ra1876R'y5a,8R€€uVR,uuea + 054RaﬁesRaﬂ75RuyesRuV75
+CS5Ra568Raﬁ76RuuéeRMV76 ) (48)
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[F™s = e*®eosyVOFIVF, 'V FEVsF.. + e* 303V o F3, VAV F. VO F<
+e1 34y VOV 3 F OV s FEV Fe + e*®ears VOV 5 OV Y Fs,
+e1 376V o FOV FPIV _F, Ve Fs (49)

[ROZF?; = €®Pe108RecpsVa® VIOV 1V, FE 4 253 R s VIOV OV FOV S F
+€2® 55 Roe gy VEOVP OV OV FE 4 2P 391 Reers Vo Fp VOOV OV
162350 Rers Vo F PV OV OV F° + €2® 369 Rer VOOV OV F, OV F g
+6* 360 R5ep V0 @VOOVP POV + €365 Rsep Vo F1OV OV OV
+€2® 366 Reeps Vo F 1OV OVPOVEF + €2® 369 Ryep VOOV OV F, VF,
+€2 370 Reeps VOOV OV F L VEE,F | (50)

[RF?®"]g = € cop6Recary VO FPIV5FONV5VED + 2P og) R Vo VEOVA PV Fg¢
+€*®Co92 Reers Vo VIOV FPINO F5€ + €% Cog5 Recas VO F IV, VEDV 5
+€* 319 Recys VEFPIV gV OV FC + 2P 0344 Ry 5, VOV FEV V@
1622346 Ryeas VOV FEV Vi ® + 2P 373 Ry 5. VO FP IV 3 F,OVVED
+€*® 374 Rseae VOF IV 3 P VVED | (51)

[REF™13 = PRy Reps Vo Fs° VOFPT + €2 e Repse R 5,V o FOV* P
€2 er1 Reppy R g5V o FOV O 22019 RN R 5.V FPIV g Fy
+e2 196 Ry Reys VOFPIN g FC + €20 133 R o/ Reyne VO FPIV g O
+e* Cogz Ro 5" Reprye VOV Fpf + 2P cogs R o Reyse VO FPYV Fg©
e Cogg Reyps R 0 VO FPINO F + €2 0310 R oy Repse VO FPINV F
+e* 319 Rot5e Ry, VPV FE 4 €22 0316 Rpea Reyprys VEFP VO FE
+e2® 317 R ae Reypys VOV | (52)

[F2R3]16 = €2¢’619F06,3F’Y5Ra675R6M VREV(S;A + 62¢’C20Fa,8FaBR76€EReM'yVREV6u
+e2q>021FaﬁF’wsRaeveRéuﬁyReueu + e2q>022Fa’yFa/8R6M'yVR6€66Raueu
_'_e2<1>033FaﬁF'yzSRaes,uReuIBeij’yé + 62(1)C34FQIBF’Y6RO{EEMREV,B’}/R/JV66
+e*P g5 Fog F Ry M R Ryse + €% 36 PO F7° Ry gy Rs™ Ry
+e* e F FO Ry, Rs™ Ryee + €% g F* F7° Ry gs R Ryyee
+e2(I>C4SFaﬁF’y6RaeysRuuesRuVﬁ(S + 62¢C49FQBF76R€EQ'7RMV6£Rw/,@e
+62¢650FOCBF76R0¢676RMVJERMV,BS + 62@051FaﬁF,Y&RagﬁaRuueaRuy'yé
+e* 5o F FP R Ry R e + €253 FP FP R s Ryvse R e, (53)

[R2®"]3 = corRy 5" R0 Reps. VOV D + c107Ry 5° R, M Re,15.V VP ®
+6112Ra766R5u75R6M6(5vaVﬁq) ) (54)
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[R2D7?)s = iR Rs 5" Repye Va®VO® + 77 Rgs™ RV Ry Vo @V D
+Cl69R’y£ﬁuR75aEReuéava(I)vﬁ(I) + Cl?E)Roz’y 5R768MR6;156V&¢V6®
+C184 R Ry R 55V OVP D | (55)

[F2RP"®")y = €* 15 F5" F* Ry Vo VIOVOOVI D + 20156 F, ) F R .55V . VOV OV D
1+ 157 Fg° FC Reers Vo VIOV OV D + P 041 oo F Ry gs VOOV OV VO O
+e* 209 Fo FF Reps VOOV OVIVOD + 2P ps3 o FLF Rsep VOOV OVIVO D
+€2 45 Fy F.f Reps VOOV OVIVO D + 2P gy FE Recps VOV OV IV D,

[R2D"])5 = c117Rg* Reers Vo VIOVOVAD + 140 R R0 s VEVP OV 3V, @
4934 Ra 5 Roes VOV OVIVOD + o35 Ro Rsp VOV OV IV O
+co38 Recps R 0 VOV OV IV | (56)

[R2D"D?), = c188R° Recys Vo VIOV OVPD + 193 R’ R, sV OV 3V, OV D
+6244R'y€a€Rés,@evaq)vﬁq)v’yvéq) + 6247ReaﬁéRﬁowyvaq)vﬁq)v’yvéq)a (57>

[R2D"])3 = c19R° Recrs Va® VOOV 3OV D + 203 R5°C Reers Vo OV OV OV P
+308Ra 5 Roes VIOV OVIOVO D | (58)

[F3F'®%)y = e* o B F5* F VW@V OVPOVTFR + e ypr Fo s F e FEV , VOV OV 5’
+e* eop9 Fs* Fog Foe Vo @V OV OV FO€ 4 €4y Fps By F .V , @V OV OV FO€
+e* 14 F F5 F NV (W F' VOOV OV IO + €'y 5 F s FL . FEV  F° VOOV OV
+e* 17 Fs F.FF N W FOV*OVP OV D + e*P g7 F3° B, F5 VOV OVTOVOF,
+e*®cos Fs LS F. .V OV OVIOVOF,© (59)

[FR%y = e F°FPFCFM Ry 55 Repey + € 1By FPF FRe". " Ry
+e* P13 PP F P F* Ry ey Reyps + €' c1aFo PP Fy  F Rg " Reyp,
+e* P15 By PO F FY Ry g Reyyy + €' C16Fap FP FP FE R Ry,
+e* e P PP F FERMY Reysy + €T e1g By T FP FO P Rg¥ 5 Repe
+e' s F Y FOPFOF Rys.” Ryme + €% o )T FP FO“FF RsY 5 Ry
+e o FP PO FC ™ Ropye Ryse + € oo BV FOP FR’ FL RS R,
+e* 30 Fug PP F S F P R R e + €Tt F) T FP R FLs R R,
+e* s Fog FPF s F Y R R e + €* P i3 B FP F F“ R, R 5,
+e* e B FPF FER e R* 5 + €*P eus Foup FOP FP FER e RM 5
+e* ey B PP Fg' FeRy5e R e + € i Fop FOP FP FER 5 R
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[F2R2 @//]14

[F2R2®/2] 19

[F*R®?);y, =

[F?RF'?33

64<I>

P ega P F Y RS 5 Rspee VOVP O 4 2P gz FIPFE R P (5 Reyp. VOV O
+€2P oy P F 1 Rs® o ReysVOVP O + 2P cos ) FO“Rs® 54 Ry . VOVP D
+e2P o F P FE Ryt 5 Reys VOV D 4 220100 F T F Ry " Ry VEVP O
+e22c10  F FE R e Repps VOV D + 2P 103 F s FYP Ry Reyp VOV O
+e2®c105F F  Rg“" R 5.V VP ® + 2P0 F Fs R, M R, 5.V V@
+e22 108 F o Foy RV R 15 VOVP® + €2 109 F F P R, R (s VOVA O
+e2Pc110F ) F R 5 R* 5,V VP ® + 2P e F F R, R 5,V VP D,

e**rs PV P Ry 5" Reyye Vo @V + 2 7o F FPY R, “F R, 5.V , @V @

+e* g Fo FPTRYP R, 15V o @V + 2P g FAYF* R, 5. R 5,V , OV O
+6°P o PPV Ry R 55V o @V ® + €V 0164 FL F ' Ry 5" R oo VOOV @
+e* 165 F 1 FE R 05 Repse VOOVPD + 2P 0166 L F 7 Rs™ o/ R s V2 OVP
+eP 167 F o FO R 6" Ry VOOV D + €% e16s P FC Ry 5 Rey5e VEOVP
+e* 179 F P F Ry, # Repps VOOV @ + 20173 F 1P FE RV 0 Re,ps VEOVI @
+e2® 175 F s F° Ry R, VO OVP & + 2177 F, F Rg“' R, 5.V * OV
+eP 1 P F Ry M R, 5.V OVP @ + 2 ei50 B F RO R, 5.V OVP
+e* 151 B P Ry R o5V OVP D + 2P 0100 F, F R 5 RV 5, VOOVA O
+e* 1835 F Reypy RV 55V OV D (60)

crsF FOYFPFE R, 5,V o ®V® + ' ry Fp FPYF“F* Ry, )V , OV D

+e* e Fg? PO F S F R 5V o @V ® + e*® 150 P F B FF R, VOOV @

+e* 160 Fys F° FFFC Roep VOOV D + €16 FV F FFFE R, VOV  ©
+e* 160 Fy B PP FE Ry, VOOVP O + i3 B F FO F Ry [V OVP O
+e* i P Fs P F AR, 5,V OVP O + 0y B Fs FOF R, VOV  ©
+e* ey F) B Fs F# R, 5.V OVP @ + e*®cy16 ) F5' F F* R, 5.V ®VA O,

5o P FH R 5V o Fg® VO FPY 4 1% o6 Fg° F5 Ry V o FO NV FPY
+e1® 57 Fs F Reppy Vo FOVOFP 4 e o s P R ,15 NV o FO VO FPY
+e*® oo Fy F Reyy5 Vo FOVOFPY + 2190 F* F# Ry , N FPIV 4 F,,
+e'c19y F'FE R, 5, N FOV 3 F,° 4 195 F, F" R, 5.V FP'V 3 F,°
+e1 0197 FH FE Ry, VO FPIN g E° 4 €199 FLy F# Ry VO PV 3 %
+e* 130 F5  FF Repor VOV g FO€ 4 40130 B 5t Ry VO FP1V g FO€
+e1 139 Foy Fs# Ry e VOV g FO€ 4 40134 F\F Fs Reypry VO PV g FO€
+e1 135 Fos FF Ry VO PNV 5 O+ e eyrg L FF R s VO F TV Fg©
+e*® Cyrg Fo T FLF Ry VO FP IV F® + € cogo B FF Ry VO FPIV gt
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+e* os1 Py FP Reyas VEFP IV Fgt + 4% Cogo By  FL Ry s VO FPTNO Byt
+e*® Coga oS F P Reyse VO FPYN F® 4 4% Cogo Fo F5 Reyyy VO FPIV Fgf
+e*® Cogr Fus F Ry VOO Fs€ + € e300 FsH Fry Royeas VO VO FS
+e*® 305 Fo" Flp Roepy VOFP VO FE + € 306 Fo Flgy Reers VO PNV FE
+e*® 307 Fos F5" Ry e VO FPIVO FE + e 308 g Fst Reprye VO F TV F
+e*® e300 Fup By Repse VO FPINO FE 4 € 301 Fo Fs Ry, VOFPINVO F2
+e*? 313 F " Fpe Ry VOFP VO FE + € 314 Fp F" Reyrys VO PNV FE
+e*? 315 Fag P Reynys VO PNV FE (61)

[F°Rl; = ceFy FF’ F'FEFY Rypsy + €9 i F P Fy’ B FY F¥ Ry,
+e5 g Fog FOPFL P FVFF Ry + 5P o B FP F s FE M Ry ey
+e5% 10 Fap FP P s FP FCFM R ey + €5 cos VP Fg' B P Ry
+e% o5 Fog FPF P F FM Ry (62)

[F50")y = ePegsF Fs' F F FFFL, NV ® 4 5%y F Fy F5* FF A, VY2 D
+e5 g5 F Fg' B Fys L, FN VP ® + 8 cgo ) By Fis PO FL, F*NV VP,

[F507), = %ciF,) Fy, F5 F°F. F'V*OVA D | (63)
[FAD20"]y = e*®ysg For FF5° F .V OVPOVIVOD + P gy Foy Fis Fr FEVY OV OVIVOD,

[FREF'® )15 = e el Ry Reys Vo FPV® + P13 F° RS M R, 5.V OVPF,

+e*® 144 Fpy R°M R.,5. VOV F, + P 145 F° R, 5. R 3,V OV F,
+€22 146 F* Ry R gs VOV E) 4 2P 0147 F€ Rg o R VOOV F°
+e2 148 R 5" Reys. VOOV 4 20149 FC RV g Rey5 -V OVP F°
+e2 150 F“ R e Repos VOOV F + 2015 FE R o Re s VOOV Y
+e2? 159 FC Rt g Ry s VEOVP F° 4 2P ey53 F Rg“H R 5 VOV F°
+€2¢154F, Repp R 05V OVP 0 4 2P 0155 F5  Re s R 0 VA OVP F°
+e2 156 Fo Reyns RV 5. VOV F (64)

(10" = e*eiggF, FPFfF .V OV OV 50VPD + e*Peigo F s 1 FL FEV 0V OV 30V D
+e*g1g " F F5* F..NV o OV OV OV + e*® oo F3° Fos FL. FV , 0V OV OV O
+e1® 396 Fo F [ F5. VOOV OV IOV D | (65)

[F2R], = €® 191 F°FE R, 5.V 0@V OV 3OV D + 2P o9 F5 F Ry, Vo OVOVI OV
+€22 o003’ FE Reoys Vo @ VOOV OV O + 2P 307 F, F° R 5. VOV OV OV O,
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[FRO®F']1g = 2Py F Rers Vo @V OVPOV F® + P11 B Rso5 Vo @V OV OV [
+€2 19 F 5" R5ere Vo @V OV OV FO€ 4 2P0y 13 F5° R, Vo @V OV OV
2216 P Recr g Vo F VOOV OV D + €2 13 F5° Rper Vo FOVA OV OV B
+€2®Cop0 F5* Rper VOV OVIOVOF ¢ + 2P g7 Fs° Rsory VOOV OV IOV, ©
+€2 11 F5* Reers VOOV OVIOVOF,C + P399 Foc Rpor s VOOV OV IOV e

[F*RO"]y = e egr B F P FF P Rocp VOV P + e*Pegg B s FP FF FE Ry, VOVP O
+e*eso FV Fg’ FAF R,5,VOVP® + e o B, F FFF Ry, VOVP O
+e*®cg1 FV F FOF R5. , VOVP® + e*®cgs ) Fs FOF MR, 5, VOV &
+e'®egg FV F5 FOFR,,5, VOVP O + €' 1090 F, F  Fs  F* R 5.V V7 ®
+e" 100 B F° F F' R, 5V OVPD (66)

[F20"%]y=e? cypy F5 OV @V OV 3OV OV OV TP+ 7P 0330 F,  F5 V@V OV 50V OV OV D,

[0y = ey F S F F.NNTOVOVP D + 'y Fy’ s F . FV V' OVOVA D
+e* 0137 P P F5 F VPOV V@ + P13 F s FOF FV* VPOV V,, &
+e! ey Fo F5* By F5.VOVPOV IV D + €207 F, Fp B, F. VOV OV VD
+e1® g oy F F5* F.VOVPOV IV D + ' o9 Fy Figs Floe FVVPOVIV O,

[F2RO™)y = €*Pci15F5" F*Rperc Vo VIOVIVPD + 20116 F° FE R sV, VI OVAV D
+€* 130 F P FE R, 5. VOV OV 5V, @ + €2 Co30 Fle F€ R ss VOV OVIVO D
P eo51 Fo B Rpes  VOVP OV VO D + 2P pgo F, Fis° R 5. VOV OV VO
+€22 o33 F0 F.F Ry ps VOVPOVIVO D 4 2P y36 F, FL R ps VOV OV IV D
+€2®Co37 For F R s VOV OVIVOD (67)

[F2F?20")y = il s P Vo VIOV FIIV g FO 4 10 Fos F VW FON* FAV 3V
+e" o0 F5s  F. N o F® VOFPN VD + €' 0y F5°F..N*FP'V 3 F,°V. VO
€156 FL F VO FPIV g FOV sV 0@ 4 €157 FL .V FOVO FPV 5V 3@
1" y50 . FEV G F VO FPIV sV, 8 + e g0 FL. FEVO FAV 5 F, V5V, O
" Coo5 o Fee VIFPIN g OV VD + 2P 0og B F5 Vo VEOV* PPV Fgf
+e* o9 B 5 Fee Vo VEOV O FPINO Fs€ + e ygu F  FL .V FPIV V ,0V° Fs©
11004 Fos F VPN VOV Fpf + € 0p9r FLFF. .V PV 5V, dV° Fs°
e 318 s FL VO PN gV OV F 4 e*® a9y Fp F . VO FPV 5V, OVO F
+e*® 305 Fpy FL .V FPIIV 5N VO FE + 2 a6 F5* FL .V FP'V 5 F,, VOV
+e" 345 Fas oy VO FPINP FEV Vg ® + 1y F F5 Vo F° VOFPVEVED
+e*® 30 ) F5.V*FPV 3 F,2V VD (68)
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[FPRYF), = e*®cipnFs’ F, F* R, 5 V*®V°F," (69)
/F R Rl _ 2P 5 € a B yd 2P € « B A wil wia
[FRO"®'F')y = € ci57F°RecysVa VOV OV FT 4 €233, F5° R, VO OVP F, VOV D,

(20707, = e2Pe194F, F5.V VOV OV 3V OVPD + 20199 F5 FV VOV OVI OV, V5
+€2 oy B F5 VOV 5V, VPOV IV D + €2 033 Fps ) Vo, VOV OV OVOVED,

[F207 ), = e'eig5F FCV OV OV FV  Fs + €106 F5" Fo Vo @V OV F°V . Fy©
+e" 197 5 F. N o F1VOOVP OV F¢ + '3 FL. FEV OV OV Fjs V' F,°
+e* ooy F5* F VOV OV F5 VI E,’ + e*®op5 Fp F5. VOV OV F<VE,°
+e1®Cos0 Fre FEVAOVP OV, V5 Fy, + ' oo Fs* FL.V OV OV TE, Vs F,*
+e1® og F5 F .V o F ' VOOVP OV © + e go B s FL Vo F VOOV OV =
+e* 356 F5" Fo Vo F 1OV OV OV Fp, + e P easg L F5.V (, FO VOV OV F
+e1® 360y F5. VOOV OV F, Vs + 36, Fos F .V OV OV F, VEF
+e'® 363 F5° FL. VOOVPOVTF, V5 4 €' 367 F F5. VOOV OV F, VF,©
+e'® 363 Fps Foe VOOV OV F°VE.F | (70)

[FF'O'D"™), = *PeyF5.V OVV,OVPFV, VO, (71)

[FF'®Pd"])5 = *Pegps F5 Vo Fs’ VEOVPOV VOV D + P ysg 1V, FV*OV OV OV, V 5 D
+€2® o4 o Vo F5' VOOV OV IOV VD + 2P 0oy F5 VOOV OV V0V OV, ©
+€2 3 B VOOV OV OV 5V 3OV F, < (72)

[ROZD")y = cosgRasp VOV OV VDOVIVOD + 330 R155. Vo VIOVOVIOVOVD, (73)

[DF?), = €®ey51 Vo @V OV VPOV F V5 F, + €2 0a95 Vo @V OV OV OV, VO s
€233V FVOOVP OV F5. VIOV D 4 20343V, OV OV OV IOV 4V, Fl5,

[y = o1 VaVIOVOVIOV 3 VODV5V, D + 53 VOVIDV 3V, OV VIOV, V., D, (74)
[FF'®"%)y=€" o9 F5. Vo @V OV 5OV OV IOV F, + €*2 309 F5. V@V OV F, VOV IOV D,
[F20"0"]y=e*® ¢33 F, F5. VOV sV, OV OV IOV D + 2P 340 Fps [, Vo, OVOVIOVIOVO VD,
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[RO"], = c335R35, Va VI OVOVIOVIVD | (75)
[ROD"), = 301 Rp5y Va® VOOV OVIOVV D, (76)

[P0 = P34 Vo FOVFIV5V 30V V., @ + 235V PV VOV 3V V., & (T7)
+e* 350V F5' VO FOV VOV V50 + P35, VO FPV 5 F,°V VOV, V5P
+e*P 35 VOV VOV F5V V5@ + 2P 0355 VOV F, VOV DV V5D,

[F20720"), = €349V F VOV OV, F5V . Vs® + e* 350 VOOVIOV  F5 VI,V V0
+€* 354 Vo F VOOV OVOE SV V5P + e*P 35, Vo VOOV OV VOV F,

[FFR®], = e'®eyF VOV E, 'V F5*VeE,s, (78)
[DD"]y = 22V @V DV sV OVIDVIOVV, D + €33, VOV 3V, OV OVIOV,;V, OV D,
(@50, = 333V, OVOV0V OV, OV OV0VD (79)

[F¥]s = e\ FFYFF FFFFYF,, + ey Fopg FP S F P F  FAF.VF,
+e3 e3P PP Fo s F ' FEF. Fyy + P, Fog PP F s FO FFFF."F,
+e8cs g PP F s F Y F F<F,, F*" (80)

[FF?)y = sy P Fs FAF, N o F"VOFPT 4 8o B F5 FL FN o Fs* VO F™

+e5 o) Fs* Fo o Fo N o FOV O FPY 4 €% oy Fgs F.FFFFL, N W FOV PP
+e5% 3 g, F5sT F L,V o FONFPY 4 5% oy Fys B FL, FHN OV P
+€5% o5 Fgy Fs Fep FMN o FON O FP 5%y g F FOF M E, N FPV 5 F,,
+e5 119 F5 FFL, F#'VFPV 3 F,y + %109 F  F5* FMFL VN FPV 3 F,°
+e5% 193 F, Fs FL F*N*FON 5 F,° 4 5% o8 Fos BT FF FL NV FP1V g FO€
+e5 Cory B F P Fs F N FPN Fg® 4 9% cors By P F5'FL, N PNV Fgf
+€5% 16 Fos Fo S FH FL N FPINO € 4 8 cogr Fos By Ly PV PV B
+€5% 300 Fpe Figs By P L VO FPINP B 4 €52 301 Flog Fg B M FL, N PV [
+e5% 309 Fop P Fs F N PN FE 4 €52 a3 g B F5 L N FPYVO [

where the coupling constants cq,...,c377 are determined in this work through dimensional
reduction of 11-dimensional gravity at order Eg.
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