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History of Ricci Flow Equations

The Poincaré conjecture (in topology ):

The Ricci flow equation, introduced by Richard Hamilton as:

d gµν(λ)

d λ
= −2Rµν
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History of Ricci Flow Equations

Grigori Perelman proof:

On November 11, 2002, Russian mathematician Grigori Perelman
posted the first of a series of three eprints on arXiv outlining
a solution of the Poincaré conjecture. Perelman’s proof uses a
modified version of a Ricci flow program developed by Richard S.
Hamilton.
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History of Ricci Flow Equations

Grigori Perelman proof:
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History of Ricci Flow Equations

Ricci-Bourguignon flows:

A family of metrics gµν on an d-dimensional Riemannian manifold (Md, gµν)
evolves according to the Ricci-Bourguignon flow if gµν satisfies the following
evolution equation:

d gµν

d λ
= −2(Rµν − ρ R gµν) ,

Special cases of Ricci-Bourguignon flows :

Ricci flow: It is well known that for ρ = 0 , we obtain the Ricci flow equation as :
d gµν

d λ
= −2Rµν .

Einstein Ricci flow: The Einstein tensor, denoted as Gµν = Rµν − 1
2
R gµν , leads to

the Einstein flow equation for values ρ = 1
2

as follows: d gµν

d λ
= −2Gµν ,

Traceless Ricci flow: If we consider ρ = 1
d

, we will have a traceless Ricci flow as

follows: d gµν

d λ
= −2(Rµν − 1

d
R gµν) .

Schouten Ricci flow: For ρ = 1
2(d−1)

, we have the Schouten Ricci flow equation as
d gµν

d λ
= −2(Rµν − 1

2(d−1)
R gµν) .
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Metric approach

In [2206.03415 [hep-th]], the authors examine a family of Lorentzian
manifolds (Md, gµν) that depend on a parameter λ:

S(λ)λ+δλ = S(gµν)λ + δλ
∫
ddX

√
gO(gµν)

[d,r]
λ

Let δgµν = δλ hµν represent an infinitesimal deformation of the metric, with hµν .

Taylor expand:

Ŝ(hµν) = Sλ(g0µν + δλ hµν) +

∫
ddX

√
g

[
c

(
hαβh

αβ − r

dr − 1
hα

αhβ
β

)]
δλ

∼ Sλ(g0µν) +

∫
ddX

√
g

[
c
(
hαβh

αβ − r

dr − 1
hα

αhβ
β

)
− 1

2
hαβT

αβ

]
δλ

Critical point:

Tµν =
δŜ(hµν)

δhµν

∣∣∣∣∣
h=h̃

= 2 c

(
h̃µν −

r

dr − 1
h̃α

αgµν

)
−

1

2
Tµν = 0,
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Metric approach

We can determine the value of h̃µν as follows:

h̃µν = 1
4 c

(Tµν − rTα
αgµν)

R. Conti, J. Romano, and R. Tateo, [arXiv:2206.03415].
Ricci flows:

Einstein field equations:

G̃µν = R̃µν − 1

2
R̃ g̃µν = Tµν

Analogous Ricci-Bourguignon flow equation:

d g̃µν

d λ
=

1

4 c
( R̃µν − (r − d r

2
+

1

2
) R̃ g̃µν)
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Metric approach

Einstein says go outside!!!!!!!!!!

Tµν =
2
√
g

δSmatter

δgµν
=

−2√
−g

∂
√
−gLmatter

∂gµν
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T T̄ -Deformations in NEDs

Irrelevant T T̄ deformation

Energy-Momentum Tensor: Tµν
M = gµνLM − ∂LM

∂(∂µAλ)
(∂νAλ)

Maxwell theory: Tµν
M = FµλF ν

λ − 1
4
ηµνFλσFλσ

By choosing the deformation operator as: Oλ = 1
8

(
TµνT

µν − 1
2
Tµ

µTν
ν
)

Using the perturbation approach the extra terms add to Maxwell theory:

Lλ = LMax +

∫
Oλdλ

= S + 1
2
λ(S2 + P 2) + 1

2
Sλ2(S2 + P 2) + . . .

=
1

λ

[
1−

√
1− λ

(
2S + λP 2

)]
= LBI

Flow equation of Born-Infeld theory:
∂LBI

∂λ
=

1

8

(
TµνT

µν − 1

2
Tµ

µTν
ν
)

R. Conti, L. Iannella, S. Negro and R. Tateo, JHEP 11, 007 (2018),
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T T̄ -Deformations in NEDs

Generalized Born-Infeld theory by: S =⇒ LMM

LGBI =
1

λ

[
1−

√
1− λ

(
2LMM + λP 2

)]
, LMM = cosh(γ)S+sinh(γ)

√
S2 + P 2.

T T̄ deformations in GBI theory:

Irrelevant flow equation of GBI:
∂LGBI

∂λ
=

1

8

(
TµνT

µν − 1

2
Tµ

µTν
ν
)

Root flow equation of GBI:
∂LGBI

∂γ
=

1

2

√
TµνTµν − 1

4
Tµ

µTν
ν = Rγ

H. B.-A., Komeil Babaei Velni, Davood Mahdavian Yekta and H. Mohammadzadeh, "Emergence of non-linear
electrodynamic theories from TT̄ -like deformations", Phys. Lett. B 829 (2022) 137079.
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Solutions to the Ricci Flow via Einstein Field Equations

Einstein-Hilbert action by matter sector:

Sλ[g,Φ] = SEH[g] + SM
λ [g,Φ]

Action details:

SEH[g] =
1

2

∫
M

ddx
√
g R ,

∂ SM
λ [g,Φ]

∂ λ
=

∫
M

ddx
√
gOλ

Irrelevant T T̄ operator

Oλ =
1

2

(
Tλ,µνT

µν
λ − r(Tµ

λ,µ)
2
)

Metric flow equation by Tateo Approach:

∂gµν

∂λ
= −2

∂Oλ

∂Tµν
λ

= −2(Tλ,µν − rT ρ
λ,ρgµν),

T. Morone and R. Tateo, [arXiv:2411.10265].
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Solutions to the Ricci Flow via Einstein Field Equations

Analogous Ricci-Bourguignon flow equation:

d g̃µν
d λ

= −2( R̃µν − (r − d r

2
+

1

2
) R̃ g̃µν)

In the case of r = 1
(d−2)

, we have a standard Ricci flow equation :

d g̃µν
d λ

= −2 R̃µν

In the case of r = 0, we have a standard Einstein Ricci flow equation :
d g̃µν
d λ

= −2 G̃µν

In the case of r = 1
d
, we have a standard traceless Ricci flow equation :

d g̃µν
d λ

= −2( R̃µν − 1

d
R̃ g̃µν)

In the case of r = 1
(d−1)

, we have a standard Schouten Ricci flow equation:

d g̃µν
d λ

= −2( R̃µν − 1

2(d− 1)
R̃ g̃µν)
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Root-Ricci Flow Equations

S(gµν)λ,γ = S(gµν)λ,γ + δλ

∫
ddX

√
gO(gµν)λ + δγ

∫
ddX

√
gO(gµν)γ

Let τ = δγ
δλ

.

Taylor expand:

Ŝ(hµν) = Sλ,γ(g0µν) +

∫
ddX

√
g

[
c

(
hαβh

αβ − r

dr − 1
hα

αhβ
β

)
− 1

2
hαβTαβ

+ τ

√
hαβhαβ − 1

d
hα

αhβ
β

]
δλ

Tµν = τ

 h̃µν − 1
d
h̃α

αgµν√
h̃αβ h̃αβ − 1

d
h̃α

αh̃β
β

+ 2 c

(
h̃µν −

r

dr − 1
h̃α

αgµν

)
−

1

2
Tµν = 0
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Root-Ricci Flow Equations

Saddle point :

We find:(
τ + 2 c

√
h̃αβ h̃αβ −

1

d
h̃α

αh̃β
β

)2

−
1

4

(
TβµT

βµ −
1

d
Tβ

βT
µ
µ

)
= 0

Can be written the saddle point as:

h̃µν =
τ

2 c

(Tµν − 1
d
Tα

αgµν)√
TβαTβα − 1

d
Tβ

βTα
α

+
1

4 c
(Tµν − rTα

αgµν)

By Tateo approach in matter sector:

d g̃µν

d λ
= −2

[(
1 +

2τ√
R̃αβR̃αβ − 1

d
R̃2

)
Rµν −

(
r −

d r

2
+

1

2
−

2τ

d
√

R̃αβR̃αβ − 1
d
R̃2

)
Rgµν

]
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Root-Ricci Flow Equations

Tα
α = 0

h̃µν = −4τ
Tµν√
TαβTαβ

− 2Tµν

d g̃µν
d λ

= −2
(
1 +

2τ√
4RαβRαβ + (−4 + d)R2

)
Gµν

In Limit d = 4:

d g̃µν
d λ

= −2
(
1 +

2τ√
RαβRαβ

)
Gµν

In Limit r = 1
d :

d g̃µν
d λ

= −2
(
1 +

2τ√
R̃αβR̃αβ − 1

dR̃
2

)
( R̃µν −

1

d
R̃ g̃µν)

In the case of r = 1
d , we have a standard traceless Ricci flow

equation :
d g̃µν
d λ

= −2( R̃µν −
1

d
R̃ g̃µν)

In the case of r = 1
(d−1) , we have a standard Schouten Ricci

flow equation:

d g̃µν
d λ

= −2( R̃µν −
1

2(d− 1)
R̃ g̃µν)
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Thank you for your aT T̄ ention!
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