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History of Ricci Flow Equations

The Poincaré conjecture (in topology ):

~

.

The Ricci flow equation, introduced by Richard Hamilton as:

d g (N)
Lo _ _op
d\ Ry
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History of Ricci Flow Equations

Grigori Perelman proof:

r

On November 11, 2002, Russian mathematician Grigori Perelman
posted the first of a series of three eprints on arXiv outlining
a solution of the Poincaré conjecture. Perelman’s proof uses a
modified version of a Ricci flow program developed by Richard S.
Hamilton.
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History of Ricci Flow Equations

Grigori Perelman proof:

“extinction” -
ht

Theorem (Perelman 2002, Brendle 2018)
The only possible 3D singularity models are:
o spherical: $%/I
o cylindrical: §% x R/l
@ Bryant soliton
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History of Ricci Flow Equations

Ricci-Bourguignon flows:

A family of metrics g,, on an d-dimensional Riemannian manifold (M‘i7 Guv)
evolves according to the Ricci-Bourguignon flow if g,, satisfies the following
evolution equation:
d 9w
dX
Special cases of Ricci-Bourguignon flows :

= *Q(R;w - pP Rgul/) >

@ Ricci flow: It is well known that for p = 0 , we obtain the Ricci flow equation as :

dguv __
I — 2R .

@ Einstein Ricci flow: The Einstein tensor, denoted as Gpy = Ruv — % R guv, leads to

the Einstein flow equation for values p = % as follows: d;g‘\" =—2Guv,

@ Traceless Ricci flow: If we consider p = % , we will have a traceless Ricci flow as

dguv
follows: ;‘;\ = —2( Ry, — % Rguv)-
@ Schouten Ricci flow: For p = 2(d7171)’ we have the Schouten Ricci flow equation as
dguv 1
I8 = 2R — 35=1y Row) -
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Metric approach

In [2206.03415 [hep-th]], the authors examine a family of Lorentzian
manifolds (M4, g,,) that depend on a parameter A:

S()\)A—HD\ = S(guu))\ +0A f ddX\/g O(QW)[)?’T]

Let represent an infinitesimal deformation of the metric, with

Taylor expand:

Sthu) = Sx(gouw + 6N b)) +/ddX\/§ [c <ha3h°‘5 - ﬁhﬁh%)] A

«@ « 1 [0
~ S,\(gom,)—k/ddX\/g} [c(haﬁh p_ ﬁhd Ws) = ShasT 3} SA

Critical point:

6S(hyuv)
ShHv

Tuw =
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Metric approach

We can determine the value of h,, as follows:

huy = %(Ttw —rT% guv)

c

R. Conti, J. Romano, and R. Tateo,

Ricci flows:

arXiv:2206.03415].
@ Einstein field equations:

Gp,u S Rp,u - R ~,uu S Tuu

N —

@ Analogous Ricci-Bourguignon flow equation:




Metric approach

~

T — i(ssmatter _ -2 0 V _g['matter
Ve g V=g O
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TT-Deformations in NEDs

Irrelevant 7T deformation

Energy-Momentum Tensor: Thy = ¢"" L — %((WAA)
i
Maxwell theory: Thy = FFFY — Lt FA7Fy,
By choosing the deformation operator as: Oy = é(TWT*“’ — %TH“TV”)

Using the perturbation approach the extra terms add to Maxwell theory:

Ly = LMax +/0Ad)\
= S+ INS*+P)+1ISX(S*+P)+...
1
= s1-y1-A(25+2P7) | = Lo
Flow equation of Born-Infeld theory: 6§fl = %(T,WT*“' - % ,L“T,,")
R. Conti, L. Iannella, S. Negro and R. Tateo, JHEP 11, 007 (2018),

Advanced Topics in Quantum Gravity 13 /22



TT-Deformations in NEDs

Generalized Born-Infeld theory by: S — Luwum

Lopr = % [1—\/ 1= A(2Lanm + APQ)] , Larar = cosh(y)S-+sinh(y)v/S2 + P2.

TT deformations in GBI theory:

. i 0LaBI . 1 v 1 w v
Irrelevant flow equation of GBI: 3 (TWT 2Tu T, )
1 1
Root flow equation of GBI: 3%?31 = 5\/ Ty T — ;T =Ry

@ H.B.-A., Komeil Babaei Velni, Davood Mahdavian Yekta and H. Mohammadzadeh, "Emergence of non-linear
electrodynamic theories from 7T '-like deformations", Phys. Lett. B 829 (2022) 137079.
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Solutions to the Ricci Flow via Einstein Field Equations

Einstein-Hilbert action by matter sector:
Sxlg, @] = S%[g] + 5319, @]

Action details:

8SM[g, @
SEH[ / d%x x/gR, M:/ ddx\/§0>\
o M

Irrelevant 7T operator

0, = (T)\,WT — (T, 2)

1
2
Metric flow equation by Tateo Approach:

dg 00
81;\11 = _QBT;\L);./ = _2(T>\,;w - rTf\”ngu),

T. Morone amll\ Tateo, [arXiv:2411.10265].
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Solutions to the Ricci Flow via Einstein Field Equations

Analogous Ricci-Bourguignon flow equation:

d guv _ _2(}%#” ~ %

1, ~_
+ §)ng)

In the case of r = ﬁ, we have a standard Ricci flow equation :

d Guv
dA
In the case of r = 0, we have a standard Einstein Ricci flow equation :
d Juv
dA
In the case of r = 5, we have a standard traceless Ricci flow equation :
d Guv P L.
—— = —2(Ru — = Rjuv
d}\ ( (3 d g/»" )

@ In the case of r = ﬁ, we have a standard Schouten Ricci flow equation:

=—2R,,

=—2G,.

d Guv ~ 1
:—2 v o
d\ (s 2(d—1)

R )
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Root-Ricci Flow Equations

Sy = Sy + 00 [ EX VGO, + 67 [ X VGO,

_ 9
Let 7 = Sx-

Taylor expand:

S(h;w) = Sxq(gopw) + /ddX\/§ |:C <h0tﬁhaﬁ = drT_ 1ho¢ahﬁﬁ> - %haﬁTab‘

aF T\/haﬁho‘ﬁ = ;haahﬁﬁ] oA

;Lp,u — éﬁaagpu

\/ﬁagilaﬁ = %ilaailﬂﬂ

T =T

- r oo~ 1
+2c (hNV — dr — 1hao¢g;uj) - ETMV =0
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Root-Ricci Flow Equations

Saddle point :

We find:

- - 1- - 2 1 1
(T + 2c\/ha5h°‘/3 = Ehaahﬂﬁ) - (TBuTﬁ“ = gT%Tﬂu) =0

Can be written the saddle point as:

5 7 (Tuw = 3T%aguv) 1
hyw = 5= =t + 1o Tuw =T aguw)
© \/TpaTP — §TB5T  4°
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Root-Ricci Flow Equations

o T%, =0
Ty

\/ TaﬁTaﬁ

Ay = —4AT - 2T,

d Guv 27

=-2(1+ G
d ( \/4Ra5Ra5 +(—4+ d)RQ) K
In Limit d = 4:
d G

e — o1+ ﬁ)@y

o In Limit r = é:

d guy 2T = 1~
e (1 ——— (R — 5 R
\/RapRef — 1R2
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