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Two limits:

|

Galilean limit Carrollian limit
c— o:/ \—) 0
Relativistic
4 <.
Lightcone opens up Lightcone closes down
R TI v .. v
Galilei limit: — <1 <= c¢— Carroll limit: — > 1 <= c¢—0
C C
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Motivation

Flat space holography:
Conformal Carroll field theory might be dual to quantum gravity in
asymptotically flat spacetime [S. Pasterski (2021), L. Donnay (2023), ...]

Cosmology and dark energy:
Carroll symmetry might be relevant for de Sitter cosmology and inflation [J. de
Boer, J. Hartong (2022), ...]

Carroll gravity:
M. Henneaux (1979), N. A. Obers (2022), D. Grumiller (2023), ...

String theory:
Carroll symmetries arise in the tensionless limit of string theory [A. Bagchi (2016),

]

Carroll symmetry in hydrodynamics:
L. Ciambelli, C. Marteau (2018), ...

Quantum mechanics:
M. Najafizadeh (2024), ...
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Carrollian Field Theory
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Carroll Scalar Field Theories

Let us consider the Lagrangian of a relativistic massless scalar field

1
£:*§ u(ﬁa“qﬁ
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Carroll Scalar Field Theories

Let us consider the Lagrangian of a relativistic massless scalar field

L= 0u00" s

including the speed of light ¢

L= (am) (fmsf
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Carroll Scalar Field Theories

Let us consider the Lagrangian of a relativistic massless scalar field
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! 2 1 o
L=5500)" - 5 (39)

by rescaling the field ¢ — c ¢, one has

L= @)~ 5 ¢ (Do)
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L= @)~ 5 ¢ (Do)

Taking the Carroll limit ¢ — 0, one obtains

Electric Carroll scalar field: | L. = % (8t¢)2

e mass term can be added

J. de Boer (2022), E. A. Bergshoef (2022)

Mojtaba Najafizadeh Carrollian Field Theory PhD defense 8 /47



Carroll Scalar Field Theories

Let us consider again the Lagrangian of a relativistic massless scalar field

1
LZ_Q M(b@“qb
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Carroll Scalar Field Theories

Let us consider again the Lagrangian of a relativistic massless scalar field

1
L=-— 5 u¢ o+ o
including the speed of light ¢

1 | 5
L=55 (0:0)" = 5 (0:9) 1)
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Carroll Scalar Field Theories

Let us consider again the Lagrangian of a relativistic massless scalar field

1 "
LZ_Q u‘ﬁalﬁb

including the speed of light ¢

L ae?— Laaer
L= 5y (06 — 5 (0:0) 1)
This Lagrangian has also an alternative by adding a Lagrange multiplier x:
1 1
£/=—§CQX2+X3t¢—§(3i¢)2 - X+ 06=0 (2)
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Carroll Fermions and Supersymmetry

Konstantinos Koutrolikos, Mojtaba Najafizadeh
“Super-Carrollian and super-Galilean field theories”,
Phys. Rev. D 108, 125014 (2023), arXiv:2309.16786
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Carroll Fermions

Let us consider the Lagrangian density of a massless Dirac field including ¢
_ _ /1 .
L=—F (0¥ = —lp(gyoat +9'0) @

Through a Carrollian limit, we found two types of Lagrangians for Carroll fermions:

electric Carroll Dirac: Le=— 1/?'yoat P

magnetic Carroll Dirac: L, = — (1/71’yi8ﬂ/1 + 7170 + P+ 0 77)

e These Lagrangians are invariant under the Carroll boost transformations.

e Carroll fermions can be of Dirac, Majorana, or Weyl spinors
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Super-electric Carroll theory

We introduce the super-electric Carroll action by:

SUSY

Sec = % /dtd%{(amf + (8:d1)* + Fr* + Fy°* — z&vof)u/}}

and find that the action is invariant under the Super-electric Carroll transformations

dpr = €YY
Spr = €in’
0Fr=—e"" Ot
O0F = —Ei’y5708t1/)
5 =2 0, (pr + i7" ¢r) e — (Fr+i7" Fr)e

We show that these transformations close off-shell for every field

[51, 52] :2(52’}/061)875

Mojtaba Najafizadeh Carrollian Field Theory PhD defense 12 /47



Super-magnetic Carroll theory

We introduce the super-magnetic Carroll action by:

SU

SY 1- 1 -
Smc :/dtdgw{X18t¢R + x201¢1 + FrGRr + F1 G + EA’YOU) - éw’yo)\}

and find that the action is invariant under the Super-electric Carroll transformations

Spr =€V Spr=ein" ¢
dx1 = €A Sx2 = €iv> A
0Fr=—e"" v 8Fr = €iyy° 0y
0Gr=—ev" A 8Gr =eiy"y° A
0 =70 (¢r +17" ¢r) e = (Fr+i7" Fi) e
5)\:70& (x1 +i’75X2)€7 O (GR+i’y5G1)e

again these transformations close off-shell for every field
[61 R 52] = 2(@2’}/0 61)8,5
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(e
We also derived

Galilei fermions
and generalized them to

Supersymmetry
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Carroll-Schrodinger Equation

Mojtaba Najafizadeh
“Carroll-Schrodinger Equation”
Accepted in Scientific Reports (2025), arXiv:2403.11212
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Beginning with the tachyon complex scalar field theory, we derived the
Carroll-Schrédinger field theory through a limiting process:

In 1+1 dimensions In 1+d dimensions

B2 n’
ihedy + —— 02 ) =0 iheVa+——0; | =0
2mc? 2mc?

where V, = \/1;2(1'8—5— 012;1)

[H,D] = H [P,D] = 2P

[D,B] = B [D,K] = 2K ?
[H,K] = B [P,K] =D

[H,B] = M [P,B] = H

Canonical quantization is performed, and the two-point function is calculated
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Carroll Algebra
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Carroll Algebra

Recall the Poincaré algebra
[Pu ) PV] =0
[Juw PP] =Nup Pv — Mvp Py
[Juvs Joo | = Mup Jve = o Jup = T Juo + Mvo Jup

in which
Py Hamiltonian
P, =0, Translation generators
P; Momentum
Jio Boosts
Juv =, 00 —x, 0y Lorentz generators

Ji; Rotations

are ten Poincaré generators in 4d spacetime.
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Carroll Algebra

Poincare generators, Py, P;, Jio, Jij, including ¢ (i.e. 2* = (ct,z")) become:

1 1
Po = E 8t PZ' = 8i Jm = x; Z at + Ctai Jij = ah‘aj - Z‘jai
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Carroll Algebra

Poincare generators, Py, P;, Jio, Jij, including ¢ (i.e. 2* = (ct,z")) become:

1 1
Po = E 8t PZ' = Bi Jm = x; Z 8t + Ctai Jij = ah‘aj - Z‘jai

Rescaling the generators, one gets
cPy - H=0 cJio — Bi:xi8t+c2t(‘)¢

Taking the Carroll limit ¢ — 0, one obtains the Carroll generators:

‘ H = az P»; = 81 B—; =XT; 8t Jij = {Eiaj — :cj&-

satisfying the Carroll algebra:

[Pi, Bj] =

[Jijs Px] = 0i Pj — 06 Ps
[Jij, Br] = dix Bj — 01 B;
[Jij, Jut] = i dji — Ok Jir + 05 in — OurJj

(5in
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Carrollian Conformal Algebra
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Carrollian Conformal Algebra

Generators of the relativistic conformal algebra, i.e. the dilatation D and special
conformal transformations (SCT) K, are given by:

D = z"d, = td; + x'0; K,=2z,2"0, — 2"2,0,,

where the critical exponent z (the coefficient of ¢9;) is z = 1.
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D = z"d, = td; + x'0; K,=2z,2"0, — 2"2,0,,

where the critical exponent z (the coefficient of ¢9;) is z = 1. Similarly, one can
consider components of the conformal algebra including c. By rescaling generators and
taking the limit (¢ — 0) one gets:
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Mojtaba Najafizadeh Carrollian Field Theory PhD defense 21 /47



Carrollian Conformal Algebra

Generators of the relativistic conformal algebra, i.e. the dilatation D and special
conformal transformations (SCT) K, are given by:

D = z"d, = td; + x'0; K,=2z,2"0, — 2"2,0,,

where the critical exponent z (the coefficient of ¢9;) is z = 1. Similarly, one can
consider components of the conformal algebra including c. By rescaling generators and
taking the limit (¢ — 0) one gets:

D=1td; +z'0;, K=2x0, Ki=2x;({td+20;)— 2°8;

satisfying the “Carrollian conformal algebra“ (CCA):

(P, B;]=6,H, (D, H]= (K,P]=—-2B;,
[Pi,ij]:(Si[ij [D, P]—f i s [K;, H|=—2B;,

[Bi, Jjx] = dif; By, [D,K]=K, [Ki, Pj]=—26;; D~ 2Jy,
[ij s Jer] = Oy [D Ki] =K [Ki, Bj]=—0i K,
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[Pi,ij]:(Si[ij [D, P]—f i s [K;, H|=—2B;,
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Carroll algebra Conformal extension
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(D
We asked,

are there any other conformal extensions of

the Carroll algebra?

Mojtaba Najafizadeh Carrollian Field Theory PhD defense 22 /47



Conformal extensions of the Carroll algebra
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Minimal conformal extensions of the Carroll algebra

let us consider the generators {D, K, K;} of the Carrollian conformal algebra with
some arbitrary parameters a, b, ¢, a, 3, :

H =0, P; = 0;, B; = ;0 Jij =x; 05 — x5 0

D:at6t+bxi6¢, K:cm28t, Ki:Qa:vitatJrQﬁxixjaj7'yx28¢.
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Minimal conformal extensions of the Carroll algebra

let us consider the generators {D, K, K;} of the Carrollian conformal algebra with
some arbitrary parameters a, b, ¢, a, 3, :

H:8t7 P1:81, Bi:xi&, Ji]':fiaj—l’jai
D:at6t+bxi6¢, K:cm28t, K; :Qa:vitatJrQﬁxixjaj 7'yx28¢.

Accordingly, one gets the following non-trivial commutation relations

[D, Ki]=bKi,
[K,Pi]:72CB7;,

K, Jyk] = 51[JK7€
KZ,K}_2’V(’Y /8) 1]7

where Jij := x;9; + ;0; .

(D, H]=—aH, (K, Ki]=20K(a—28+7),
[D,P]=-bP;, [K H]=-2aB;,
[D,Bil=(—a)Bi, [Ki, P;]=—26;(atd+Ba"0k)— Jy (B+7)—Ju (B—17),
[D,K]=02b—a)K, [Ki, Bj]=—2z B;(a—f)— 6i;ya" %,
[
[
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In general, one can think of the Carroll algebra as being conformally extended by
adding the conformal generators (D, K, K;) in seven different ways:

However, one immediately finds that satisfying the closure of commutation relations
cancels some of the mentioned cases. In addition, the type D— K;, which was ruled
out, can in fact be a possible type in 1 + 1 dimensions. Therefore, the five general
types of conformal Carroll algebras are:

Conformal Carroll algebras Symbol Name

Type K algebra Reare(d 4+ 1) | temporal SCT-Carroll algebra
Type D algebras scalcare.(d + 1) | scaling Carroll algebras

Type D-K algebras confearr, (d + 1) | conformal Carroll algebras
Type D-K-K; algebra ccai(d + 1) | Carrollian conformal algebra
Type D-K; algebra caresch(1 4+ 1) | Carroll-Schrodinger algebra
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Type K algebra: Kcave(d + 1)

This type of algebra corresponds to the case
c#0 which weset c=1, & a=b=a=pF=~v=0
resulting in the generators D and K; to be trivially realised. The generators are
H =0, P, =0, B, =x;0, Jij =205 —x; 05,

K:$26t,
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Type K algebra: Kcave(d + 1)

This type of algebra corresponds to the case
¢#0 which wesetc=1, & a=b=a=0=v=0
resulting in the generators D and K; to be trivially realised. The generators are
H =0, P, =0, B, =x;0, Jij =205 —x; 05,
K = 2%6,,
satisfying the following non-zero commutation relations

[P, Bj] =0 H, [K,P]=-2B,,
[Pi, Jjk] = i Pry

[Bi, Jjx] = difj By,

[Jij s Jri] = OppJuy -
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Type K algebra: Kcave(d + 1)

This type of algebra corresponds to the case
¢#0 which wesetc=1, & a=b=a=0=v=0
resulting in the generators D and K; to be trivially realised. The generators are
H =0, P, =0, B, =x;0, Jij =205 —x; 05,
K = 2%6,,
satisfying the following non-zero commutation relations

[P, Bj] =0 H, [K,P]=-2B,,
[Pi, Jjk] = i Pry

[Bi, Jjx] = difj By,

[Jij s Jri] = OppJuy -

We called this the “temporal SCT-Carroll algebra” and denote it Keare(d + 1).
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Type D algebras: scalcare,(d + 1)

This type of algebra corresponds to the case
aorb#0 & c=a=8=~v=0
resulting in the generators K and Kj; to be trivially realised. The generators are

H =0, P, =0, B; =0, Jij =i 05 — x5 0;

D=ato: +bmi8i,
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Type D algebras: scalcare,(d + 1)

This type of algebra corresponds to the case
aorb#0 & c=a=8=~v=0
resulting in the generators K and Kj; to be trivially realised. The generators are
H =0, P, =0, B; =0, Jij =i 05 — x5 0;
D=atd; +bz'd;,

satisfying the following non-zero commutation relations

[P, Bj]=6i; H, [D,H]=—aH,
[Pi, Jjk] = bt Py s (D, P]=-bP;,
[

Jij s T ] = 0Ty
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Type D algebras: scalcare,(d + 1)

This type of algebra corresponds to the case
aorb#0 & c=a=8=~v=0
resulting in the generators K and Kj; to be trivially realised. The generators are
H =0, P, =0, B; =0, Jij =i 05 — x5 0;
D=atd; +bz'd;,

satisfying the following non-zero commutation relations

[P, Bj] =0 H, [D,H]=—-aH,
[Pi, Jjk] = dii; P, [D, P]=—-bF;,
[Bi, Jjr] = 0ifj By, [D, B;]=(b—a)B;,
[Jij s T ] = Ok
Setting a = z and b = 1, one has D=2t0; +2'0;, z€R
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Type D algebras: scalcare,(d + 1)

This type of algebra corresponds to the case
aorb#0 & c=a=8=~v=0
resulting in the generators K and Kj; to be trivially realised. The generators are
H =0, P, =0, B; =0, Jij =i 05 — x5 0;
D=atd; +bz'd;,

satisfying the following non-zero commutation relations

[P, Bj] =0 H, [D,H]=—-aH,
[Pi, Jjk] = dii; P, [D, P]=—-bF;,
[Bi, Jjr] = 0ifj By, [D, B;]=(b—a)B;,
[Jij s T ] = Ok
Setting a = z and b = 1, one has D=2t0; +2'0;, z€R

We called this the “scaling Carroll algebras” and denote it scalcare.(d + 1).
scalcarvo(d+1) ——  spatial scaling Carroll algebra
scalcare;(d+1) —  isotropic scaling Carroll algebra

scalcartoo(d+1) —  temporal scaling Carroll algebra
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Type D-K algebras: confeare,(d + 1)

This type of algebra corresponds to the case
aorb#0 (a=2zb=1) & c#0(c=1) & a=0Ff=~v=0
resulting in the generator K; to be trivially realised. The generators are
H=0,, P, =0, B; = x; 0, Jij =205 —x;0;

D=2t8; +2'0;, K = 2%8,,

Mojtaba Najafizadeh Carrollian Field Theory PhD defense 28 /A7



Type D-K algebras: confeare,(d + 1)

This type of algebra corresponds to the case
aorb#0 (a=2zb=1) & c#0(c=1) & a=0Ff=~v=0
resulting in the generator K; to be trivially realised. The generators are
H=0,, P, =0, B; = x; 0, Jij =205 —x;0;
D=2zt +2'0;, K = 2?0,
satisfying the following non-zero commutation relations

(P, B;] =6, H, (D,H|=—2H, (K, P]=-2B,
[Pi; Jik] = i Pry [D, Pi]=—-PF;,

[Bi, Jjx] = difj By, [D, B;]=(1-2)B,

[Jij s it ] = OuwJu s [D,K]=02-2)K,

Mojtaba Najafizadeh Carrollian Field Theory PhD defense 28 /A7



Type D-K algebras: confeare,(d + 1)

This type of algebra corresponds to the case
aorb#0 (a=2zb=1) & c#0(c=1) & a=0Ff=~v=0
resulting in the generator K; to be trivially realised. The generators are
H=0,, P, =0, B; = x; 0, Jij =205 —x;0;
D=2zt +2'0;, K = 2?0,
satisfying the following non-zero commutation relations

(P, B;] =6, H, (D,H|=—2H, (K, P]=-2B,
[Pi; Jik] = i Pry [D, Pi]=—-PF;,

[Bi, Jjx] = difj By, [D, B;]=(1-2)B,

[Jij s it ] = OuwJu s [D,K]=02-2)K,

We called this the “conformal Carroll algebras of dynamical exponent z” and denote it
confeare, (d + 1).

Mojtaba Najafizadeh Carrollian Field Theory PhD defense 28 /A7



These three types of algebras can be visualized in the following figure:

K=c2?0;
T ---+ Type K algebra
(07056) /// RN (O,b,C)
"~ ---> Type D-K algebras
(a’7 07 C) (a, b, C
C 11 )
arro D, — baio,
(0,b,0)
a,0,0
( ) o (a,b,0)
D, = atd, \\\4____-———7>TypeDalgebras
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Type D-K-K; algebra: ccaj(d+ 1)

This type of algebra corresponds to the case
a=b=c=a=0=vy=1
The generators are
H =0, P =0, B; = x; 0, Jij =2 0; — x; 0;

D=td; +x'0;, K=2"0, Ki=2x(td +a'9;)— x°0;,
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Type D-K-K; algebra: ccaj(d+ 1)

This type of algebra corresponds to the case
a=b=c=a=0=vy=1
The generators are
H =20, P, =0, Bi =x; 0, Jij = x: 05 — x; 0;
D=td; +x'0;, K=2"0, Ki=2x(td +a'9;)— x°0;,

satisfying the following non-zero commutation relations

[P, Bj]=4d:; H, [D,H|= [K, P]=-2B;,
[Pi,ij}:(Si[ij [D, P]—— i s [Ki, H]=—-2B;,

[Bi, Jik] = 0if; Bu, [D, K]=K, [Ki, Pj]=—26i; D — 2Jy;,
[Jig s Jri] = Opape i [D Ki] = [Ki, Bj]=—6i; K,

[Ki, Jjk] = i Ky -
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Type D-K-K; algebra: ccaj(d+ 1)

This type of algebra corresponds to the case
a=b=c=a=0=vy=1
The generators are
H =20, P, =0, Bi =x; 0, Jij = x: 05 — x; 0;
D=td; +x'0;, K=2"0, Ki=2x(td +a'9;)— x°0;,

satisfying the following non-zero commutation relations

[P, Bj]=4d:; H, [D,H|= [K, P]=-2B;,
[Pi,ij}:(Si[ij [D, P]—— i s [Ki, H]=—-2B;,

[Bi, Jik] = 0if; Bu, [D, K]=K, [Ki, Pj]=—26i; D — 2Jy;,
[Jig s Jri] = Opape i [D Ki] = [Ki, Bj]=—6i; K,

[Ki, Jjk] = i Ky -

So we recovered the “Carrollian conformal algebra” (CCA) and denote it ccay(d + 1),
since z = 1.
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Type D-K; algebra: carrsch(1 + 1)

In 1 4 1 spacetime dimensions, the rotation generator J;; vanishes, so another type of
algebra is possible corresponding to the case

a=1 b=2 c=0 a—% B=~v=1
The generators are
H =0, P =0, B =20,
D=t0;+2x0,, K=xtd +2° 0y,
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Type D-K; algebra: carrsch(1 + 1)

In 1 4 1 spacetime dimensions, the rotation generator J;; vanishes, so another type of

algebra is possible corresponding to the case

1
a=1 b=2 c=0 a=g 6=
The generators are
H =0, P=0,,
D=1t0+220,, K =2t +2° 0y,
satisfying the following commutation relations
[D,H]=-H, [P,B]|=H,
[D,P]=-2P, [K,H]=-8B,
[D,B]=B, [K,P]=-D,

[D,K]=2K.
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Type D-K; algebra: carrsch(1 + 1)

In 1 4 1 spacetime dimensions, the rotation generator J;; vanishes, so another type of
algebra is possible corresponding to the case

a=1 b=2 c=0 04_5 B=~=1
The generators are
H =20, P=20,, B=uxz0,
D=t8+2z8,, K=xtd +2° 0y,
satisfying the following commutation relations
[D,H]=-H, [P,B]|=H,
[D,P]=-2P, [K,H]=-8B,
[D,B]=B, [K,P]=-D,

[D,K]=2K.

This algebra can admit a central charge M such that [ H, B] = M, which corresponds
to the Carroll-Schrodinger algebra (MN: 2403.11212), denoted by cartsch(1 + 1).

Mojtaba Najafizadeh Carrollian Field Theory PhD defense 31 /47



Infinite-dimensional conformal extensions of

the Carroll algebra
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We find infinite-dimensional conformal extensions of the Carroll algebra, in two, three
and higher spacetime dimensions, denoted by confeare, (d + 1):

cm'to(l +1)
Spatial conformal Carroll algebra (z = 0) : cmtO(Q +1)

confearry(d + 1)

confearr, (1 +1) v
Conformal Carroll algebras (0 < |z| < 00) : confeare, (24 1) v

confearr, (d + 1)

cm‘tw(l +1)

Temporal conformal Carroll algebra (|z] = o0) : confeare (2 4 1)

confearr(d + 1)
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In 141 dimensions, J;; = 0, and the generators of confeare, (1 + 1) can be identified as
the following generators

H=0 =My, P=0, =—L_1,
B=xz0, =M, D=2z2t0:+ 20, =—1Lo,

K =29 =M, .
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In 141 dimensions, J;; = 0, and the generators of confeare, (1 + 1) can be identified as
the following generators

H=0 =My, P=0, =—L_1,
B=xz0, =M, D=2z2t0:+ 20, =—1Lo,
K =28, =M, .

These generators can be extended to

L,L:—z(n—i—l)m"t@t—xnﬂaw, M,=z"0,.
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In 141 dimensions, J;; = 0, and the generators of confeare, (1 + 1) can be identified as
the following generators

H=0 =My, P=0, =—L_1,
B=xz0, =M, D=2z2t0:+ 20, =—1Lo,
K =28, =M, .

These generators can be extended to

L,L:—z(n—i—l)m"t@t—xnﬂaw, M,=z"0,.

satisfying

[Lna Lm] =(n—m)Lntm,

[Ln, My]= ((n+1)z—7) Mnyr, (n,m,r,s € Z)

[MT,MS]:Oa
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In 141 dimensions, J;; = 0, and the generators of confeare, (1 + 1) can be identified as
the following generators

H=0 =My, P=0, =—L_1,
B=xz0, =M, D=2z2t0:+ 20, =—1Lo,
K =28, =M, .

These generators can be extended to

L,L:—z(n—i—l)m"t@t—xnﬂaw, M,=z"0,.

satisfying

[Lna Lm] =(n—m)Lntm,

[Ln, My]= ((n+1)z—7) Mnyr, (n,m,r,s € Z)

[MT,MS]:Oa

We refer to this as canf\_/wttz(l +1), s0
confeare, (1+1) — CWCtZ(l +1)
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-
The spatial SCT generator can be identified as

K=2zzto + x2(’)z =1
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-
The spatial SCT generator can be identified as

K=2zzto + x2(’)z =1
Then the commutation relation

[Ll7 MT] = (QZ—T) Mr+1
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-
The spatial SCT generator can be identified as

K=2zzto + x2(’)z =1
Then the commutation relation
[Ll 5 MT] = (2Z — ’I“) Mr+1

shows that, for any integer or half-integer dynamical exponent z = % with N € N, one

can add the spatial SCT generator and truncate the supertranslation generators M,, to
the finite collection with 0 < n < N since [ L1, My ] = 0. The Lie algebra spans by
{L-1,Lo, L1, Mo, My, - ,Mn}

denoted by ccan/2(1+ 1) and called the “extended Carrollian conformal algebra”.

Mojtaba Najafizadeh Carrollian Field Theory PhD defense 35 /47



-
The spatial SCT generator can be identified as

K=2zzto + 220, = —L4
Then the commutation relation
[Ll 5 MT] = (2Z — ’I“) Mr+1

shows that, for any integer or half-integer dynamical exponent z = % with N € N, one

can add the spatial SCT generator and truncate the supertranslation generators M,, to
the finite collection with 0 < n < N since [ L1, My ] = 0. The Lie algebra spans by
{L-1,Lo, L1, Mo, My, - ,Mn}

denoted by ccan/2(1+ 1) and called the “extended Carrollian conformal algebra”.

e For N = 1: ccay/2(1 + 1) = caresch(1 + 1) with generators {L_1, Lo, L1, Mo, M1}
——

Yii/2
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-
The spatial SCT generator can be identified as

K=2zzto + 220, = —L4
Then the commutation relation
[Ll 5 MT] = (2Z — ’I“) Mr+1

shows that, for any integer or half-integer dynamical exponent z = % with N € N, one

can add the spatial SCT generator and truncate the supertranslation generators M,, to
the finite collection with 0 < n < N since [ L1, My ] = 0. The Lie algebra spans by
{L-1,Lo, L1, Mo, My, - ,Mn}

denoted by ccan/2(1+ 1) and called the “extended Carrollian conformal algebra”.

e For N = 1: ccay/2(1 + 1) = caresch(1 + 1) with generators {L_1, Lo, L1, Mo, M1}
——
Yii/2
e For N = 2: cca;(1+ 1) = bmss with generators {L_1, Lo, L1, Mo, M1, Mz}
—_———

Mi1,0
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-
The spatial SCT generator can be identified as

K=2zzto + 220, = —L4
Then the commutation relation
[Ll 5 MT] = (2Z — ’I“) Mr+1

shows that, for any integer or half-integer dynamical exponent z = % with N € N, one

can add the spatial SCT generator and truncate the supertranslation generators M,, to
the finite collection with 0 < n < N since [ L1, My ] = 0. The Lie algebra spans by
{L-1,Lo, L1, Mo, My, - ,Mn}

denoted by ccan/2(1+ 1) and called the “extended Carrollian conformal algebra”.

e For N = 1: ccay/2(1 + 1) = caresch(1 + 1) with generators {L_1, Lo, L1, Mo, M1}
——
Yii/2
e For N = 2: cca;(1+ 1) = bmss with generators {L_1, Lo, L1, Mo, M1, Mz}
| S —
Mx+1,0
N =3:caz;p(1+1) — Yitis
N=4:cax(14+1) — Miz1t1,0
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In 241 spacetime dimensions, we find (w = z1 +ix2 and W = x1 — i x2)

confeare, (2 + 1) ‘ generators (n,r,s € Z)

L, L”"] = (n - m) Lyntm L, :=— % (TL + 1) w"td — wnt! O
Lnyim]:(n—m)in+m Ln;:_%(n+1)wntat_wn+lam
Ly 5 M(r,s) ] = ( %(n -+ 1) — 7‘) M(T+nys> M(r,s) = w" w° O,

l_/na M(r,s)] = (%(n + 1) — S) M(T7S+n>
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In 241 spacetime dimensions, we find (w = z1 +ix2 and W = x1 — i x2)

confeare, (2 + 1) ‘ generators (n,r,s € Z)

L, L”"] = (n - m) Lyntm L, :=— % (TL + 1) w"td — wnt! O
Lnyim]:(n—m)in+m Ln;:_%(n+1)wntat_wn+lam
Ly 5 M(r,s) ] = ( %(n -+ 1) — 7‘) M(T+nys> M(r,s) = w" w° O,

l_/na M(r,s)] = (%(n + 1) — S) M(T7S+n>

For z = 1, this algebra becomes isomorphic to the extended BMS algebra, i.e.

‘ ebmsy = co’nf\/mttl(Q +1)
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In 241 spacetime dimensions, we find (w = z1 +ix2 and W = x1 — i x2)

confeare, (2 + 1) ‘ generators (n,r,s € Z)

L, L”"] = (n - m) Lyntm L, :=— % (TL + 1) w"td — wnt! O
Lnyim]:(n—m)in+m Ln;:_%(n+1)wntat_wn+lam
Ly 5 M(r,s) ] = ( %(n -+ 1) — 7‘) M(T+nys> M(r,s) = w" w° O,

l_/na M(r,s)] = (%(n + 1) — S) M(T7S+n>

For z = 1, this algebra becomes isomorphic to the extended BMS algebra, i.e.

‘ ebmsy = co’nf\/mttl(Q +1)

On the gravity side, it is interesting to establish consistent asymptotically locally flat
boundary conditions for general z.
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Two-point functions
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If we consider the two-point function

G (21, t1; T, t2) = (0] (T1, 11) $2(Z2, £2)]0)
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If we consider the two-point function

G (21, t1; T, t2) = (0] (T1, 11) $2(Z2, £2)]0)

we have

(5951 +512)G<2)(fl,t1;fg,t2) =0, ﬁ =0z

(Br, + 01,) G2 (1, t1; Ta, t2) =0, H=205

(Z104, + T201,) G (T1, 11382, 12) =0.  B==F0,
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If we consider the two-point function

we have

(atl +8t2)G(2)(f1,t1;fQ,t2) =0,
(8_;51 +512)G<2)(f1,t1;fz,t2) =0,

(2104, + T20r,) G (T4, t1; o, t2) = 0.

G (21, t1; T, t2) = (0] (T1, 11) $2(Z2, £2)]0)

H=06
P=3,
B=zx0,

One gets, G? = G(Z)(flg,tm) where T12 = ¥ — T2 and t12 = t1 — t2. Since
O F(t12) = 011, F(t12) and Oy, F(t12) = — 04, F(t12) for any function F
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If we consider the two-point function

G (21, t1; T, t2) = (0] (T1, 11) $2(Z2, £2)]0)

we have
(8ey 4 01,) GP(Z1,t1; o, t2) =0,  H =0
By + 8oy) GP (1,115 T, 1) =0, P =10,
(Z104, + T201,) G (T1, 11382, 12) =0.  B==F0,

One gets, G? = G(Z)(flg,tm) where T12 = ¥ — T2 and t12 = t1 — t2. Since
8t1F(t12) = 8t12F(t12) and 8t2F(t12) = — atle(tm) for any function F' the
differential equation is equivalent to

12 Oty G(2>(5127t12) =0,
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If we consider the two-point function

we have

G (21, t1; T, t2) = (0] (T1, 11) $2(Z2, £2)]0)

(8ey 4 01,) GP(Z1,t1; o, t2) =0,  H =0
(5z1 +5Z2)G<2)(flvt1;527t2) = 07 ﬁ = 51
(Z104, + T201,) G (T1, 11382, 12) =0.  B==F0,

One gets, G? = G(Z)(flg,tm) where T12 = ¥ — T2 and t12 = t1 — t2. Since
8t1F(t12) = 8t12F(t12) and 8t2F(t12) = — atle(tm) for any function F' the
differential equation is equivalent to

12 Oty G(2>(5127t12) =0,

which is solved as (considering = d(x) = 0)

Mojtaba Najafizadeh

G® (Z12,t12) = G(fw) + F(ti2) 0(Z12)
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The invariance under temporal SCT, K = & - £ 9, is automatically satisfied.
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The invariance under temporal SCT, K = & - £ 9, is automatically satisfied.

The invariance under dilatation, D, results in:

Dilatation invariance: D = 2t0; + - 51 + A

Cy |:1_7’12|_(A1-‘-A2)7 A+ As#d

G (Z12,t12) = z2=0
Ch |i”12|7d+F(t12)5(512), A1+ Ar=d

GO (F12,t12) = Oy |Fr2| " B1T22) 4 Oy [tyo|~(BrtB2-D/z5(7,,) ‘ z # {0,00}
Co |t12|_(A1+A2)5(f12)7 A1+ Ax#0

G(Q)(flg,tm) = =0
G(Z12) + C26(Z12), A1+ A2=0
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The invariance under spatial SCT, K; results in:

K, invariance: K; =2z; (2t0; + xjaj + A) — 220; ‘

d—2A

G(Q)(fm,tu) =C |f12|_2A + Co lti2| = 0(F12) ‘ Al =Ar=A
S i— (51109
G®) (F12,t12) = Cs [t12] . 0(Z12) ‘ Aq # A
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Three-point functions
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If we consider the three-point function

G(T1, T, T3 1, ta, t3) := (061 (t1, 1) ba(t2, T2) b3 (ts, T3)|0)
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If we consider the three-point function
GO (@1, &a, Tastr, ta, ta) = (0]1 (t1, T1)a(t2, ) p3(ts, 73 0)

Invariance under the Carrollian boost B = & O results in

—

(£104, + X200, + fsata)G(S)(wlm5237531;1512,752377531) =

- o 3/ o o
(Z120%,, +$238t23)G( )($12,332373831;7512,7523,7531) =0,
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If we consider the three-point function
G®(&1, &2, Tsita, ta, ta) == (0|61 (tr, T1) P2 (ta, T2) da(ts, 73)]0)
Invariance under the Carrollian boost B = & O results in
(£104, + X200, + fsata)G(S)(flm5237531;1512,752377531) =
(Z12041, + To301p5 )G (T12, Tas, Ta1; tr2, taz, t31) = 0,

which is solved as,

G(S)(fu,53’23,531;?512,&3,7531) = G(|fl2|, ‘523‘) + F(t12,t23) 6(Z12) 6(L23)
+ Fi (|Z12]; t2s) 6(Za23) 4+ Fo(|T2s|; ts1) 6(ZFs1) + Fs(|@s1]; t12) 6(F12)
. b - o
w7 (1l lwls 122 - 2 ) o (22 - 22
|T12|  |Zas] |T12|  |Z2s]
t t T T
+ F2 (|523|,|531|; R ) 5(?‘“’ - )
[Z23]  |%a1] |Zas|  [@a1]
t t T T
e ) g
[Z51] |12l |Zs1] |12l
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Dilatation invariance determines G, F), F;, F;,
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Dilatation invariance determines G, F, F;, F;, and K-invariance remove collinear terms
such that

G (#12, Tz, Ta1; tra, tas, ts1) = G(|Z12], [Z23]) + F(t12, t23) 6(F12) 6(F23)

+ I (|fl2|; t23) 0(Za3) + Fo (|523|; t31) 0(Z31) + Fs (|f31|§ t12) 0(Z12)
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Dilatation invariance determines G, F, F;, F;, and K-invariance remove collinear terms
such that

G (#12, Tz, Ta1; tra, tas, ts1) = G(|Z12], [Z23]) + F(t12, t23) 6(F12) 6(F23)

+ I (|fl2|; t23) 0(Za3) + Fo (|523|; t31) 0(Z31) + Fs (|f31|§ t12) 0(Z12)

K;-invariance gives

ClFro. T Far) = 1
(T12, Tos, T51) = |Z1a|A1H82 =85 | Fg[Aa+ B2 A1 |, [As TA1-A2

and
K
Fy (|Z12], t23) = —x
( s ) |512‘2A1|t23|A2+A32 Al—d
K

F (|28, ts1) =

|f23‘2A2 |t31| A1+A3;A2fd

Ks

A1 +As—-A3—d
z

Fs(|Zs1], t12) = -
|Z31 243 t12]
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PhD outcomes:

Published papers:

Mojtaba Najafizadeh

“Massive to massless by applying a nonlocal field redefinition”
Phys. Rev. D 107, 045008 (2023), arXiv:2212.07042

Konstantinos Koutrolikos, Mojtaba Najafizadeh
“Super-Carrollian and super-Galilean field theories”,
Phys. Rev. D 108, 125014 (2023), arXiv:2309.16786

Hamid Afshar, Xavier Bekaert, Mojtaba Najafizadeh
“Classification of conformal Carroll algebras”
JHEP 12 (2024) 148, arXiv:2409.19953

Mojtaba Najafizadeh
“Carroll-Schrodinger Equation”
Accepted in Scientific Reports (2025), arXiv:2403.11212
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PhD outcomes:

Presentations:

e International:
Classification of Conformal Carroll Algebras, Poster presentation at Strings 2025
conference, New York University, Abu Dhabi, UAE (Jan. 2025).

Off-shell supersymmetric continuous spin gauge theory, Center for Theoretical
Physics, Tomsk State Pedagogical University, Tomsk, Russia (July 2023) [online].

e National:
Carroll Schrédinger Equation, Department of Physics, Ferdowsi University of

Mashhad, Mashhad, Iran (Feb 2025).

Carroll Fermions and Supersymmetry, School of Particles and Accelerators,
Institute for Research in Fundamental Sciences (IPM), Tehran, Iran (Jan 2024).

Massive to massless by applying a nonlocal field redefinition, 308" IPM Physics
Spring Conference, Institute for Research in Fundamental Sciences (IPM), Tehran,

Iran (May 2023).

Massive to massless by applying a nonlocal field redefinition, School of Physics,
Institute for Research in Fundamental Sciences (IPM), Tehran, Iran (Feb. 2023).
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Thank you for your attention!
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