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David, F. (2012). 

The Wilsonian renormalization group (RG) is a set of transformations on the

parameters 𝜅 and Λ of 𝑍[Λ], that leave the value of 𝑍[Λ] exactly unchanged.

𝒁 𝚲 = න
𝚲

𝑫𝝓𝒆
ቃ𝒊 ධ 𝒅𝟒𝒙 [𝑳 𝝓 𝒙 𝒁 𝚲 = න

𝚲−𝛅𝚲

𝑫𝝓𝒆
ቃ𝒊 ධ 𝒅𝟒𝒙 [𝑳 𝝓 𝒙 +𝜹𝑳(𝝓(𝒙))

𝐴 → 𝐴′ → 𝐴′′ → ⋯ → 𝐴𝑁−1 → 𝐴𝑁

𝜇
𝑑

𝑑𝜇
𝜅 𝜇 = 𝛽(𝑔)

Quantum Field Theory in a Nutshell.
A. Zee
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Bulk theory 𝑺 = ∫ 𝒅𝒅+𝟏𝒙 −𝒈 (𝑹 −
𝟏

𝟐
𝝏𝒂𝝓 𝝏𝒂𝝓 − 𝑽 𝝓 )

𝒖 : 

holographic coordinate

𝝓 = 𝝓 𝒖 :

scalar field coupled to 

gravitation field 

We consider a d+1 dimension asymptotically AdS space-time with flat boundary 

where QFT lives on.

𝒅𝒔𝟐 = 𝒅𝒖𝟐 + 𝒆𝟐𝑨 𝒖 𝜼𝝁𝝂𝒅𝒙
𝝁𝒅𝒙𝝂

𝝁 = 𝝁𝟎𝒆
𝑨 𝒖

QFT energy:
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𝑺 = ∫ 𝒅𝒅+𝟏𝒙 −𝒈 (𝑹 −
𝟏

𝟐
𝝏𝒂𝝓 𝝏𝒂𝝓 − 𝑽 𝝓 )

2 𝑑 − 1 ሷ𝐴 𝑢 + 𝜕𝑢𝜙 𝑢 2 = 0

𝑑 𝑑 − 1 ሶ𝐴2 𝑢 −
1

2
𝜕𝑢𝜙 𝑢 2 + 𝑉 𝜙 = 0

Einstein equations

ሷ𝜙 + 𝑑 ሶ𝐴 ሶ𝜙 − 𝑉′ 𝜙 = 0
K.G equation

RG flow for a single 

coupling g:

𝜇
𝑑

𝑑𝜇
𝑔 𝜇 = 𝛽(𝑔)
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To make contact with QFT we introduce a new function 

called as Superpotential

൯𝑾 𝝓 𝒖 = −𝟐 𝒅 − 𝟏 ሶ𝑨(𝒖

2 𝑑 − 1 ሷ𝐴 𝑢 + 𝜕𝑢𝜙 𝑢 2 = 0

𝑑 𝑑 − 1 ሶ𝐴2 𝑢 −
1

2
𝜕𝑢𝜙 𝑢 2 + 𝑉 𝜙 = 0

𝑾′(𝝓) = 𝝏𝒖𝝓(𝒖)

𝟏

𝟐
𝑾′𝟐 𝝓 = 𝑽 𝝓 +

𝒅

𝟒 𝒅 − 𝟏
𝑾𝟐(𝝓)
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 Properties 

𝒅𝑾

𝒅𝒖
=
𝒅𝝓

𝒅𝒖

𝒅𝑾

𝒅𝝓
= 𝑾′𝟐 ≥ 𝟎

𝟏

𝟐
𝑾′𝟐 𝝓 = 𝑽 𝝓 +

𝒅

𝟒 𝒅 − 𝟏
𝑾𝟐(𝝓)

In 𝑊, 𝑢 plane

𝑾𝒃 ≡ −
𝟒 𝒅 − 𝟏

𝒅
𝑽(𝝓)

Critical curve
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 Properties 

𝑾′↑ =
𝒅

𝟐 𝒅 − 𝟏
(𝑾𝟐 𝝓 −𝑾𝒃

𝟐 𝝓 )

𝟏

𝟐
𝑾′𝟐 𝝓 = 𝑽 𝝓 +

𝒅

𝟒 𝒅 − 𝟏
𝑾𝟐 𝝓 : Invariant under 𝒖.𝑾 → −(𝒖,𝑾)

𝑾′↓ = −
𝒅

𝟐 𝒅 − 𝟏
(𝑾𝟐 𝝓 −𝑾𝒃

𝟐 𝝓 )
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 Properties 

𝑹𝝁𝝂𝑹
𝝁𝝂 =

𝒅

𝟏𝟔 𝒅 − 𝟏 𝟐
(𝟏𝟔 𝒅 + 𝟏 𝑽𝟐 + 𝟖𝒅𝑽𝑾𝟐 + 𝒅𝑾𝟒)
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𝑽′(𝝓) = 𝑾′(𝝓)(𝑾′′ 𝝓 −
𝒅

𝟐 𝒅 − 𝟏
𝑾(𝝓))

𝑾′(𝝓) = 𝝏𝒖𝝓(𝒖)

𝟏

𝟐
𝑾′𝟐 𝝓 = 𝑽 𝝓 +

𝒅

𝟒 𝒅 − 𝟏
𝑾𝟐 𝝓

൯𝑾 𝝓 𝒖 = −𝟐 𝒅 − 𝟏 ሶ𝑨(𝒖To find the desired solution approximately, first we 

should check the following point: 

𝝓 = 𝝓∗ → 𝑾′ 𝝓∗ = 𝟎 𝑽′ 𝝓∗ = 𝟎 → 𝑾′′ 𝝓∗ : 𝒇𝒊𝒏𝒊𝒕𝒆

𝑽′ 𝝓∗ ≠ 𝟎 → 𝑾′′ 𝝓∗ : 𝒅𝒊𝒗𝒆𝒓𝒈𝒆𝒏𝒕
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𝑽 = −
𝒅 𝒅 − 𝟏

𝒍𝟐
+
𝒎𝟐

𝟐
𝝓𝟐, 𝒎𝟐 < 𝟎

𝟏

𝟐
𝑾′𝟐 𝝓 = 𝑽 𝝓 +

𝒅

𝟒 𝒅 − 𝟏
𝑾𝟐 𝝓

 𝝓∗: 𝐌aximum of the potential

𝑾+ =
𝟏

𝒍𝟐
𝟐 𝒅 − 𝟏 +

𝜟+
𝟐
𝝓𝟐 +𝑶 𝝓𝟑

𝑾− =
𝟏

𝒍𝟐
𝟐 𝒅 − 𝟏 +

𝜟−
𝟐
𝝓𝟐 +𝑶 𝝓𝟑 + 𝑪𝝓

𝒅
𝜟− (𝟏 + 𝑶(𝝓))
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 𝝓∗: 𝐌aximum of the potential

𝑾+ =
𝟏

𝒍𝟐
𝟐 𝒅 − 𝟏 +

𝜟+
𝟐
𝝓𝟐 + 𝑶 𝝓𝟑

𝑾− =
𝟏

𝒍𝟐
𝟐 𝒅 − 𝟏 +

𝜟−
𝟐
𝝓𝟐 + 𝑶 𝝓𝟑 + 𝑪𝝓

𝒅
𝜟 (𝟏 + 𝑶(𝝓))

𝑩 𝝓 = 𝑾𝒃 ≡ −
𝟒 𝒅 − 𝟏

𝒅
𝑽(𝝓)

𝜟± =
𝟏

𝟐
𝒅 ± 𝒅𝟐 + 𝟒𝒎𝟐𝒍𝟐 → 𝒎𝟐 ≥ −

𝒅𝟐

𝟒𝒍𝟐

𝑽 = −
𝒅 𝒅 − 𝟏

𝒍𝟐
+
𝒎𝟐

𝟐
𝝓𝟐, 𝒎𝟐 < 𝟎
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 𝝓∗: 𝐌aximum of the potential ൯𝑾 𝝓 𝒖 = −𝟐 𝒅 − 𝟏 ሶ𝑨(𝒖 𝑾′(𝝓) = 𝝏𝒖𝝓(𝒖)

𝝓↑ = 𝝓+𝒆
𝜟+𝒖
𝒍 +⋯

𝝓↓ = 𝝓−𝒆
𝜟−𝒖
𝒍 +

𝒅𝑪𝒍

𝜟− 𝟐𝜟+ − 𝒅
𝝓−

𝜟+
𝜟−𝒆

𝜟+𝒖
𝒍

𝑨↑ = −
𝒖 − 𝒖∗

𝒍
+

𝝓+
𝟐

𝟖 𝒅 − 𝟏
𝒆
𝟐𝜟+𝒖
𝒍

𝑨↓ = −
𝒖− 𝒖∗

𝒍
+

𝝓−
𝟐

𝟖 𝒅 − 𝟏
𝒆
𝟐𝜟−𝒖
𝒍

𝝁 = 𝝁𝟎𝒆
𝑨 𝒖
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 𝝓∗: 𝐌aximum of the potential ൯𝑾 𝝓 𝒖 = −𝟐 𝒅 − 𝟏 ሶ𝑨(𝒖 𝑾′(𝝓) = 𝝏𝒖𝝓(𝒖)

𝝓↑ = 𝝓+𝒆
𝜟+𝒖
𝒍 +⋯

𝝓↓ = 𝝓−𝒆
𝜟−𝒖
𝒍 +

𝒅𝑪𝒍

𝜟− 𝟐𝜟+ − 𝒅
𝝓−

𝜟+
𝜟−𝒆

𝜟+𝒖
𝒍

𝑨↑ = −
𝒖 − 𝒖∗

𝒍
+

𝝓+
𝟐

𝟖 𝒅 − 𝟏
𝒆
𝟐𝜟+𝒖
𝒍

𝑨↓ = −
𝒖− 𝒖∗

𝒍
+

𝝓−
𝟐

𝟖 𝒅 − 𝟏
𝒆
𝟐𝜟−𝒖
𝒍 𝑱 =

𝝓−

𝒍𝚫−
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 𝝓∗: Minimum of the potential

𝑾± =
𝟏

𝒍𝟐
𝟐 𝒅 − 𝟏 +

𝜟±
𝟐
𝝓𝟐 + 𝑶 𝝓𝟑

𝑽 = −
𝒅 𝒅 − 𝟏

𝒍𝟐
+
𝒎𝟐

𝟐
𝝓𝟐, 𝒎𝟐 > 𝟎

𝝓↑ = 𝝓+𝒆
𝜟+𝒖
𝒍 +⋯

𝝓↓ = 𝝓−𝒆
𝜟−𝒖
𝒍

𝑨± = −
𝒖− 𝒖∗

𝒍
−

𝝓±
𝟐

𝟖 𝒅 − 𝟏
𝒆
𝟐𝜟±𝒖
𝒍

𝝁 = 𝝁𝟎𝒆
𝑨 𝒖
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 Bounces: 𝑽′ 𝝓𝒃 ≠ 𝟎 → 𝑾′′ 𝝓𝒃 : 𝒅𝒊𝒗𝒆𝒓𝒈𝒆𝒏𝒕 𝑽′(𝝓) = 𝑾′(𝝓)(𝑾′′ 𝝓 −
𝒅

𝟐 𝒅 − 𝟏
𝑾(𝝓))

𝑾′ 𝝓 ≈ ± 𝟐 𝝓−𝝓𝒃 𝑽′(𝝓𝒃)

𝑾↑ ≈ 𝑾𝑩 +
𝟐

𝟑
𝟐𝑽′ 𝝓𝒃 𝝓−𝝓𝒃

𝟑
𝟐

𝑾↓ ≈ 𝑾𝑩 −
𝟐

𝟑
𝟐𝑽′ 𝝓𝒃 𝝓−𝝓𝒃

𝟑
𝟐
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 Bounces: 𝑽′ 𝝓𝒃 ≠ 𝟎 → 𝑾′′ 𝝓𝒃 : 𝒅𝒊𝒗𝒆𝒓𝒈𝒆𝒏𝒕

𝑾↑ ≈ 𝑾𝑩 +
𝟐

𝟑
𝟐𝑽′ 𝝓𝒃 𝝓−𝝓𝒃

𝟑
𝟐

𝑾↓ ≈ 𝑾𝑩 −
𝟐

𝟑
𝟐𝑽′ 𝝓𝒃 𝝓−𝝓𝒃

𝟑
𝟐

𝝁 = 𝝁𝟎𝒆
𝑨 𝒖

𝑾′(𝝓) = 𝝏𝒖𝝓(𝒖) ൯𝑾 𝝓 𝒖 = −𝟐 𝒅 − 𝟏 ሶ𝑨(𝒖

𝜷 𝝓 =
𝒅𝝓

𝒅𝒍𝒐𝒈𝝁
= −𝟐 𝒅 − 𝟏

𝑾′ 𝝓

𝑾 𝝓
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 Bounces: 𝑽′ 𝝓𝒃 ≠ 𝟎 → 𝑾′′ 𝝓𝒃 : 𝒅𝒊𝒗𝒆𝒓𝒈𝒆𝒏𝒕

𝑾↑ ≈ 𝑾𝑩 +
𝟐

𝟑
𝟐𝑽′ 𝝓𝒃 𝝓 − 𝝓𝒃

𝟑
𝟐

𝑾↓ ≈ 𝑾𝑩 −
𝟐

𝟑
𝟐𝑽′ 𝝓𝒃 𝝓 − 𝝓𝒃

𝟑
𝟐
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 Potential with two minima
𝑽 𝝓 =

𝒌𝝂

𝟐
𝟏 −

𝝓

𝝂

𝟐 𝟐

−
𝒅

𝟒 𝒅 − 𝟏
𝒌𝝂𝟐

𝝓

𝝂
𝟏 −

𝟏

𝟑

𝝓

𝝂

𝟐

+𝑾𝟎

𝟐
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 Bouncing solutions
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 Cascading solutions
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 Solutions skipping fixed points
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 Far from boundary! 𝜙 → +∞

Continuous branch

𝑾𝟐 − 𝑸𝟐𝑾′𝟐 = 𝑩𝟐 → 𝑸 =
𝟐 𝒅 − 𝟏

𝒅

𝑾 𝝓 ≈ 𝑪 𝐞𝐱𝐩(
𝟏

𝑸
𝝓)

Special solution 𝑾 𝝓 ≈ 𝜶𝑩 𝝓 → 𝜶 =
𝟏

𝟏 − 𝒌𝟐𝑸𝟐
& 𝒌 = 𝐥𝐢𝐦

𝛟→+∞

𝟏

𝑩

𝒅𝑩

𝒅𝝓
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 Far from boundary! 𝜙 → +∞
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 Far from boundary! 𝜙 → −∞

𝑾𝟐 − 𝑸𝟐𝑾′𝟐 = 𝑩𝟐 → 𝑸 =
𝟐 𝒅 − 𝟏

𝒅

𝑾 → 𝑾𝟎 = 𝑩𝟎,     𝝓 → ∞
𝑾 > 𝟎, 𝑾′ > 𝟎

𝜹𝑾 ≃ 𝑪 𝐞𝐱𝐩(
𝟏

𝑸
න
𝑾

𝑾′
)
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E.O.M and 

Solutions

Holographic RG: 

Set up
Wilsonian RG 

Exotic RG flows from holography
E. Kiritsis, F. Nitti and L. Silva Pimenta

]𝑭 = 𝑺𝑬[𝝓−

𝑺𝒐𝒏−𝒔𝒉𝒆𝒍𝒍 = 𝑪 − 𝑪𝒄𝒕න𝒅
𝒅 𝒙𝝓−

𝒅
𝒅−𝚫

𝑭𝒊 = (𝑪𝒊 − 𝑪𝒄𝒕)න𝒅
𝒅 𝒙𝝓−

𝒅
𝒅−𝚫

 True Vacuum!


