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Motivations
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Motivations

Why SFT?

It is a field theory (second quantization)

More rigorous and constructive formulation
proof of dualities
proof of AdS/CFT correspondence

dynamics of compactifications

higher structure of string theory
1

H. Erbin, String Field Theory: A Modern Introduction, vol. 980 of Lecture
Notes in Physics. 3, 2021, 10.1007/978-3-030-65321-7
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What is a string field?
00000

What is a string field?

defenition: string field theory is the second quantization of string
theory. by this definition, functionals ® [X* b, c] = (X*, b, c||P) are
those string fields. in the first quantized theory, base space is world
sheet parameters and target space is space-time coordinates. here in
second quantized theory base space is space-time (and ghosts).
Note: there is different between this second quantize theory and
ordinary QFT, that is in QFT we deal with point particles but here
we have a field theory for extended objects.

Note: we consider ® for open string fields, and ¥ for closed String
fields.
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What is a string field?
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Figure: different theories by considering different definition of labels and
operators.
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What is string field?

[e]e] lole}

let us recall the Hilbert space H of first quantized string theory. any state is
constructed by the action of negative modes o™, b_,, and c¢_; on vacuum
|2). the relation between this vacuum and SL(2,R) invariant vacuum |0) is:

€2) = c110)
also we have these properties:
an Q) =0 n>0
bn |©2) =0 n>0
cn |©2) =0 n>0
p* Q) o< ag [©)
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A basis for Hilbert space H is provided by the collection of states of
the form:

H1 i
By o b o bomyey ey, |Q)

o
then any arbitrary state |®) € H can be expanded as:
|D) = (¢p(z) + Au(z)a ) + By (z)a 0”1 +...)e1 [0) = (2 = 0) |0)

where |®) is string field state and vertex operator ® is string field.
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What is a string field?
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Physical conditions and free action of SF'T

Let’s check the physical conditions for string field state in BRST
quantization approach:

e Qpl|P)=0
@ #ghost |(I)> =1
then by choosing closed states,our physical Hilbert space becomes:

thysical =
this is exactly the same as put away null (spurious) states from

Hphysicar i 0ld covariant quantization (OCQ) approach. if we choose
free action Sy of SFT as follow:

So = (®[ QB )

It’s e.o.m. gives the physical condition Qp |®) = 0.
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What is a s
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Witten’s cubic string field theory

Witten proposed an axiomatic theory to formulate field theory of open
strings with these axioms:
@ multiplication:
define * product between String fields A and B as A x B;
@ Associativity:
A*(B*C)I(A*B)*C;
@ Existence of an odd derivation:
Qp(A*B)=QpAxB+ (-1)**A+QpB
@ Nilpotency:
Qs =0
@ Integration:
Integration maps string field A to a complex number f A € Cand it is

linear, [(A+ B) = [ A+ [ B. more over this integration satisfies
JAxB=(-1 #A#BfB*A Also [QpA=0

2E. Witten, “Noncommutative Geometry and String Field Theory,” Nucl.
Phys. B 268, 253— 294 (1986)
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What is string field?

Before exploring the full action, it is good to see a comparison between
differential forms and Witten’s string fields:

Algebra of Witten’s SF'T Differential forms
elements string field differential p-form
degree (=174 (=1n?
multiplication s-product A-product
derivation QB exterior derivative d
integration f f on a p-dimensional manifold

Table: Dictionary between differential forms and String fields.
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What is a string field?

fataY YalalaYeYe!

Multiplication and Integration

Multiplication: We should interpret #-product as gluing two half-strings
together. take two string S and T which their excitations are described by
string fields A and B. we label each one of strings by parameter o from 0 to
m with midpoint in 7. then we glue right part of string S to the left part of
string 7. the result is a string like U as you see:

Figure: A x B

Alireza Pahlavan



What is a string field?

Integration: by using the definition of previous slide, we interpret the
integration of string fields [ A * B as the procedure of gluing
remaining sides of string S and T

Figure: fA x B
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What is a string field?
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Witten vertex

Using the previous definition of x and [, we define n-string
interaction vertex as f ®q x...P,, where ®; denotes a string field in
i-th string Hilbert space. such an interaction is called Witten vertex.

@ @

D, o,

D5

Figure: Witten vertex (n=5).
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What is
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Full action

Using the definitions:
So = (2|Qp|P) :/‘I)*QB‘I>
and for interaction part:

Smtzsn:/@*...*@
—_——

n times

Note: Here we have #® =1, #Qp = 1 and #x* = 0 as we see next for
calculation we go to complex unit disk, and based on Riemann-Roch
theorem, the correlation function vanish unless the equation

(Ne) = (No) = 3x

holds for riemann surface with Euler characteristics x (N, and N, are
number of ghosts.). so only S3 can be nonzero in the case of disk (x = 1).
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Gauge invariance

the full action has the form:

S:—i(L/Q*QBCI)—F%/CD*CD*CD)

g2 2/

where go is a dimensionfull parameter. this action is invariant under
following infinitesimal gauge transformation:

0D =QA+ go(PxA—Axd)

where A is gauge parameter with #A = 0.
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What is a s

falalatatataYeY }

Chern-Simons action

Witten action has the same structure as a Chern-Simons action:

S(A):f/ AndA+ L
M

1

2 3

/ ANANA
M

Witten’s open SFT Chern-Simons
elements string field gauge field A
degree (—1)# (=1)P
multiplication s-product A-product
derivation QB exterior derivative d
integration f f on a p-dimensional manifold
gauge parameter € A with # =0

Table: Dictionary between Witten’s open SF'T and Chern-Simons theory.
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How to calculate
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Usual mapping in string theory, from world-sheet parameters to complex
plane:

w

@o T (b)

Fig. 2.5. Open string coordinates. (a) Equal time contours in the w-plane. (b)
The same contours in the z-plane. The dashed line shows the extension of one
contour, as used in the doubling trick.

Figure: This image has been taken from ”String Theory V1-Book by J.
Polchinski 7 .




How tc
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Rewrite the action

Our last version of SF'T action is not suitable for calculations, so we need to
go to complex plane and use CFT techniques. for cubic part, the main idea
is to map three upper half-disks, to one disk.

Istswing |21 2md |2 d |2
0 (o=n2)
(6—0) P & P

Figure: three strings joining the interaction.

each one of world sheets, has been created at ¢t = —oo which is corresponds
to z; = 0 by the action of vertex operator P;, and now at ¢ = 0 they
interact (|z;] =1).
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Now we want to map these three world sheet (with local coordinates z;’s)
into one disk (with coordinate ¢). we should do transformations with
following properties:

@ It maps the interaction point to the center of unit disk (¢ = 0)
@ open string boundaries, are mapped to the boundary of unit disk.

for simplicity consider second open string. the transformation

L4
22 = w = h(z2) = 1+Zz
— 122

satisfies above condition. but since the angel ZBQC = 180°, three half disk
can’t be put side by side to form a disk. so we need an extra transformation:

wino

w— ¢=mn(w) =w

which maps with right angel 120°.
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How to calculate?
[e]e]e] lelele)

4,Q P N P

B p, C B

B

Figure: from upper half disk to one third of a unit disk.
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All we have to do for other two world sheet is to rotate them by angels
+120°. these steps will be achieved by:

27i 1+ 121 2

gi(z1) =e 5 (

1—i2’1
1+1 2
noh(z2) = ga(z2) = ({2)?
2mi 1 123 2
ga(a) = ' (12
Q |z
£ :
g3 PJ C V4
c . A\ Q LZ
P, P
Q |21 —22
& Y B p C
A P B A

Figure: 3-string vertex.
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using these mappings, we have:

/<I> * ®*x & = (g10P(0)g20P(0)g30P(0))

where (...) is correlator on unit disk constructed above. g;0®(0) is
conformal transformation of ®(0) by g¢;. if ® is a primary field of weight h
this transforms as:

g:0®(0) = (g:(0))" ®(g:(0))

now let’s construct a transformation which maps unit disk to upper half
plane:




For cubic term we have:
/(D £ O« ® = (f108(0)f20P(0) f300(0))

fi(z:) = b~ ogi(2)

and finally for quadratic term we should use these two transformations:

N .
fi(z1)=h (1_i21)7217zd(21)
o1tz __i:
f2(z2) =h (71_”2)* o =1I(z2)

Figure: two point vertex.

so the quadratic term is:

/<1> «Qpd = (To®(0)Q5D(0))
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How to calculate?

I Yatatal

Gauge fixing

In the previous slides we get action in the form:
1
(Zo2(0)Qp2(0)) + 3 (f102(0) f202(0) f30%(0)))

now we want to do gauge-fixing by using a special choice so-called
Feynman-Siegel gauge:

by |®) = 0

this gauge is a good choice, because:
@ there are no residual gauge transformation.

e we can always choose this gauge.
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How to calculate?

fat Yatal

Level truncation

First we expand # = 1 string field state:

Ba2+ 1061

|'1>>:/ k(p+ Auar, +iab_q1co + \f \/» B, a*

+ /5’067260 =+ ,311)71071 + 1/4'/“0( a_lbflco +... )01 ‘O>
we know that:
LYt =d'p +Za nOun + Z NC—_n

we call sum of second and third term of L§’*, level number. by saying
level(M,N) truncation, we mean that we take level < M terms for string
field state and take level < N terms for string field action.
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How to calculate?

fataY Ya!

Example

We choose level(1,3) truncation and calculate terms of the action. our
string field state is:

9) = [ ol + Auk)a ) 0
= /ddk(gi)(k)c(o) o
V2a/
where in the second line we expressed string field state in term of vertex
operators. here vertex operator of |k) is |k) = e***(©)|0). conformal
transformation of vertex operators are given by:

Au(k)edX*(0)) [K)

ikX 1i1vek? _ikx, 1
To(ee™™ (0) = (&) ¥ e (- 1)
To(e0X"¢™ () = ()" cax e (- 1)

After a lot of calculations, the quadric term of action becomes:

Spuea = ()" [ QR( = 2)6(-RO(0) + K4, (=R A (1)

3
3K. Ohmori, “A Review on tachyon condensation in open string field theories,”
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Fourier-transforming to the position space as:

o) = [ o™, a = [ S5 e

so we have:

= [ d'a(-go.00% +

2
0

1
2a/

1 " v
Squad = - 5 0u AL 0" AY)
proceeding this method, after tons of calculations for cubic part and
considering terms with ¢¢¢ and ¢pAA form because of twist symmetry, we
have full action in the form of:

1 4 1 . 1 5 1,3V3 343
S = Squadric T S¢pg + Spaa = %/d x(—§ 00" P + ﬂQS - g(T) ¢

- _716“,41,8“,4" - #&A“Au - 3‘/50‘ (0,0, 6A" A" + $0,,0, A" A”

— 20,08, A" A”)

where we have: ¢(z) = exp(—a’In 3%/38“8“)¢(x)
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Tachyon potential
[ 1e]

Universality of the tachyon potential

one can get the equation of motion of SFT by variation of action respect to
|®) vanishes (Qp® + ® * ® = 0). also we can have e.o.m. in component
form by decomposing |®) and setting to the zero the variation of action
with respect to each coefficient of expansion.

if some component fields like 1, always enter the action quadratically or in
higher order (S contains no linear terms in ¢) we always have at least one
factor of ¢ in e.0.m., which is satisfied by setting 1) = 0. we can set all such
fields to zero in our calculations.
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on potential

now we want to know such fields in the language of BCFT:

a string field is an element of Hilbert space H' of #1. we decompose this
space to H' = Hi ® H3, which H] contains all states made of acting c,, by
and L]'*"*" on vacuum |0). this subspace contains field with zero
momentum such as tachyon state c; |0). on the other hand in H} we have
all other states in 1. they are state with non-zero momentum and states
made of the action of ¢,, b, and L7 on primary states of h > 0. (we
can easily prove that string fields in 3 are always non-linear in action.)
we truncate the string field |®) to lie in H{ by setting string fields in H3 to
Zero.

in this case the action is:

S(T) = Vo1 £(T) = =VprU(T)

where T is truncated string field and S(T') is truncated action. action and
potential are universal which means they made by ghost and Virasoro
operators.
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Tachyon potential
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Mass of D-brane

consider a bosonic D, — brane with the following mode:

|®) = /dp+1k¢i(k)ap(?)clailei”(‘” |0)

we evaluate quadric part of the action:

Souad = ~5 i s (®1Q19) = i 5oa (ZoR(O)] (e L") b(0))
— ; p+13g+1 j a'k? op p X X _;1
—4g§a,2/d 4716 (k) (a) ()07 (R)07 () (¥ 0" (- 1)

x (coLg') |cdX e ™)

1 3 ij 1 —a’'k2—a’
= " st [ dhodang’ (h0)o" (0)5” a0 + a0} (T) (1) =5k

0

_ ”g‘f’ dko(ko)2¢" (ko) (— ko)
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Tachyon potential

in the last step, we have used V}, = (27)"6”(0). now by using Fourier
transformation ¢* (ko) = S—;X’(t)e_"kot, quadric part of action can be

written as:
Vv . .
Squad = —= [ dtOsx e’
quad 2gg/ t X Ot X

this x* has the interpretation of the location of the D, — brane in the z
direction. it’s normalization is not correctly chosen. so we want to fix this.
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Tachyon potential

We know from string theory: if we take a pair of identical D-branes whose
locations are 0" and b, and calculate the (Mass)? of open string we have:
%
b ?
M2 ~ ‘7
(2ma’)?

now if we move one of those d-branes (for example that one in b%) by a
small amount, Y* << 1, the mass squared of open string changes into:

B+ YP BP TY —

2 _
AM = e ™ @rar? ~ @z T O
or
%
A B
(2ma’)?
4

4A. Sen, “Universality of the tachyon potential”, JHEP 12, 027 (2000),
arXiv:hep-th/9911116,
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Figure: changing the position of D by a small amount Y*(red). open
string stretched between D™ and D® (green).
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Now we want to use SF'T language to describe the situation: for simplicity

1
consider tachyonic state with 2 x 2 Chan-Paton factors <0 and

0 0
0 0
(1 0) as follow:

IT) = (/dkou(ko)UkU(z —0)® (8 é) +/dkov(ko)\/k0(z —0)® <(1) 8)) 10)

with these vertex operators:

b i 0
— X ko X
Uiy (2) = ce'zna’ ™ "™
i b i 0
- X ko X
Vio (Z) = ce "Zral 'O

N
eigenvalue of L for this state is —a/(ko)? + (;’T; — 1. we consider a string
field background which has the effect of translation of one the two branes:

1

2a/

|tr>—xiP"<z—o>®<é 8) 0);  Ple)=i

cdX'(z)
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Figure: open strings (tachyonic state) stretched between DM and
D@ (blue).
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by plugging |®) = |T') + |tr) into SFT action we have:

S:fl(

5o (21Q5 |2) + <‘1>|¢>|‘1>>)

after few steps and by considering quadric terms in u and v, we have:

Suv = V dtat’uaﬂ)
9%

for the cubic part of the action (only xuv terms) we have:
Vi 1
Srun = p b) / dtuv
e v

by comparing these two parts of SF'T action with scalar field’s action we
find:

_)
AM? = X.b
oo X
and finally comparing to the result from string theory, the normalization of
X is:

X'=——>7Y
Vora's
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Tachyon potential

now for quadric part of the action we can see:

Squad -

Z 5 / dto,Y'0,Y"

Am2gia’

this contribution to the D-brane action can be interpreted as kinetic energy.
so the tension of the D, — brane is:

1

Ty —= —m
P 27r2g80/3

this tension may seem to include wrong dependence on o/, but we should
remember that go is a dimensionful parameter. in order for Squqq to be
dimensionless, we have:

—Pp+5

[Stoa] = 0 — [o0] = L5

5—

by defining new, dimensionless coupling go? = gia’ 2p7 the correct formula

is:




Tachyon potential

fa¥alaYaYalaYataY YaYaVaYalaYalalaYalaYaYe!

Sen’s first conjecture and level truncation

First conjecture: The difference in potential between the unstable vacuum
and stable one, should be the mas of D, — brane.

J(e)

UnStabie

\ P, .
N\
Stablg /

Figure: The tachyon potential. in unstable point string field is zero. at this
point the Unstable D-brane is still present. According to the first
conjecture the D-brane decays to stable vacuum which the difference in
potential energy equals to 7.
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Now we investigate evidence for the first conjecture by using level
truncation. from previous results we can rewrite the action as:

= 1, 1

1
- —(Vp+127r2a'37'p)(2a/

(ZoT(O)QuT(0) + £ (107(0) 20T (0) fs0T(0)))

(ZoT(O)QBT(O)) + 5 (10T (0)f20T(0) fs0T (0)))

where factor V,4+1 comes from the fact that we are in Hilbert space H] (or
Te 7—[}) which in this case T" state has no momentum, so we have:

(Qﬁ)p+15p+l(z K) _ (27r)p+15p+1(0) =V

from our previous results about universality of tachyon potential we know

U= }ig) we define a new universal function as follow:
u(Tr 3, 1 1
7y = Y0 om0 (L (2010)QuT(0) + L (107(0) £20T(0) 1307 (0)))
p
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sum of total energy and D-brane tension is given by:

U(T) + 7 = (1 + f(T))

so if the first conjecture is correct we should have f(7p) = —1, where Tp is
minimum point of tachyon potential. at first we pick level(0,0) truncation
of the string field action with zero momentum tachyon state. the result is:

13v3

1
3(4

2
2w T

f(9) =2m*a"(~ )*¢”)

here we considered ¢ = ¢ to have no derivative of ¢. by solving %‘% =0
we find:

i)3i
3v3

this is about 68 % of the value predicted by firs conjecture. if we proceed
by considering higher level truncation we achieve more accurate results.

¢o = ( — F(do) ~ —0.684

a/
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Tachyon potential

Level f(To)
0,0) | -0.684
(2,4) | -0.949
(2,6) | -0.959
4.8 | -0.986

(4,12) | -0.988

(6,12) | -0.99514

(6,18) | -0.99518

(8,16) | -0.99777

(8,20) | -0.99793

(10,20) | -0.99912

Table: minimum values of tachyon potential at different level truncations.
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Tachyon potential
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Wedge states and KBc algebra

Let’s remember conformal transformation on a primary field:

fos() = (SLy'a(r(2))

we can rewrite this equation using Virasoro generators:

fod(z) = Usd(2)Us ", Up =exp(y_ valn)

n>0

where we can determine v, form the map f. To every map f we can define
a state (f|, which is:

(1) = (fod(0))5

Where X is a surface (UHP or unit disk). we call these states ((f|) Surface
state. they are related to Uy as:

(f1 = (0l Uy

5

5M. Kudrna, “Level Truncation Approach to Open String Field Theory,” PhD
thesis, [arXiv:2101.07678 [hep-th]].
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A special subset of these surface states are called wedge state. wedge states

are related to transformations:

arctan(z))

2
=t
£r(2) = tan( 2
These transformations are those f;(z;) = h™ 0gi(2;) for integer r (but here
r can be any arbitrary non-negative number). We denote wedge states as:
(rly = (= (0|Uy,, 720

we can construct |r),,, = U7 |0), where U} _is BPZ conjugate of Uy,. The
star product of wedge state is:

[T * [Shw = 7+ s)y
so by this we can have:
") w = 10)y * [Ty
As you see, we can treat |0),,, as the identity element of wedge state

algebra (more generally identity of whole star product algebra). we call this
identity string field and denote as:

1) = 10)y,
this wedge state (identity string field) is associated with f = ﬁg
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Tachyon potential

Also we have wedge state |1),,, as:

[Dw =10)
so we can construct any |r),, by multiplying |0), r times:
[P = [0) %% 10)
—_————
7 times

Wedge state also have an important property, which is:

QB |7">W =0

This is because these states are made of total Virasoro operators (which
commute with @p). we can visualize these states using silver frame, which
defines with:

2
fsil'ue'r = ; arctan(z)

the wedge state |r),;, in this frame is a strip of width r, and star product by
gluing of strips (also integration glues edges of strip to make cylinder).
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Figure: Star product of wedge states in silver frame.

[ w *18)w =17+ s)u







Wedge states can be rewrite using a string field K:

Im)w = e

which K is defined using line integral in silver frame:

1 “+1i00 5
K=— dzZT(2) |1
5mi | TG

% is silver frame coordinate and T is total energy-momentum tensor in
silver frame. Also, we define two other string fields B and ¢:

s= L [Tamem.  e—adn
2w ), ’ -2

these three string field have following (anti)commuting relations:

[K,B] =0
{B,c} =1
B*=c=0

QBkZO, QBB:K, QBC:CKC

These algebraic relations are known as KBc algebra.
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Tachyon potential
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Glance at Schnabl solution

It took almost twenty years from Witten’s paper until Schnabl found the
analytic solution of e.o.m. and proved Sen’s conjectures. prior candidate
solutions were numerical or too abstract and they did not pass the test for
proving Sen’s conjectures.

from the finite gauge transformation we have:

U= efAQeA
after reparametrization of A and rewrite the above equation as:
U=T""(A)QT(A) T(A)=1+A+0(A?
Schnabl’s solution is represented using:

1

P =1—n

where X is a parameter, and the solution is a pure-gauge for |A| < 1 and it
is tachyon vacuum for A = 1. for other measures of A the solution does not
converge. also A takes the form:

A = Be(0) |0)
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the solution it self takes the form:

1 A

V=0 MQT R = @A

we can also expand V¥ in powers of \:

oo
U= Z A,
n=1

after few steps we can write:

_ n—1 __ d
W= QAT = v

where:

2
- ;cl |0} * B |n) * c1]0)
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after using some tricks and Using these wedge states, Martin Schnabl
suggested a solution in the form:

N
U= lim ()9, — )
n=0

where by prime we mean %, and we have:
Pn = c1]0) x Bn) * c10)
for example we can check for n = 0, we have:
Yo = (cBe)(0)[0), o = (cBKc)(0)]0)
from e.o.m. of SFT action we get(using BPZ inner product):
(W, Qp¥) = — (¥, ¥« W)
Schnabl showed from explicit form of solution we have:

¥,Qu¥) =~

so by using these we have:
S 1

Vp+1 o 271’290

then first conjecture has been proved.

Alireza Pahlavan



summary

summary

Introduced Open SFT and Witten’s vertex;

checked some simple calculations in level truncation and BCFT;

checked universality of tachyon potential;

checked evidence of Sen’s first conjecture;

Short review on analytic solution.

Alireza Pahlavan
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